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ALMGREN-TYPE MONOTONICITY METHODS FOR THE CLASSIFICATION 

OF BEHAVIOR AT CORNERS OF SOLUTIONS TO 

SEMILINEAR ELLIPTIC EQUATIONS 

VERONICA FELLI AND ALBERTO FERRERO 

Abstract. A monotonicity approach to the study of the asymptotic behavior near corners of 
solutions to scmiUncar eUiptic equations in domains with a conical boundary point is discussed. 
The presence of logarithms in the first term of the asymptotic expansion is excluded for boundary 
profiles sufficiently close to straight conical surfaces. 



1. Introduction 



This paper presents a monotonicity approach to the study of the asymptotic behavior near 
^^ I corners of solutions to semihnear elhptic equations 

(1) - div{A{x)Vu{x)) + h{x) ■ yu{x) ^^u{x) = h{x)u{x) + f{x, u{x)) 

•^ i in a domain O C M^, N ^ 2, having the origin as a conical boundary point. The coefficients 

(-H I b : i7 — >■ M.^ and /i : J7 — > R are possibly singular at but satisfy suitable decaying conditions 

(see assumptions (fT^ and ([T^ below) which make the corresponding terms negligible with respect 

to the homogeneity of the operator, while the nonlinearity / has at most critical growth in the 

Sobolev sense (see assumptions (fT6HT7| '). 

Due to their own theoretical interest and their numerical application to convergence analysis 

of finite element approximations, regularity and asymptotics near corners of solutions to linear 

^ I elliptic equations in domains with piecewise boundary have been intensively studied and a large 

literature has been devoted to this subject (see [3], the monographs [B] and [T7J Chapter 3], the 

surveys [Til US]: and the references therein). Some early contributions in this field date back 

^^ . to papers |141 I22j which use methods based on conformal maps and integral representation to 

1^ • I derive asymptotic expansions for harmonic functions at a common endpoint of two analytic arcs 

^—v . delimiting the 2-dimensional simply connected domain; such asymptotic development excludes the 

presence of logarithmic terms for irrational values of a, where air is the opening of the corner. On 

the other hand, a simple example shows that, if a = — , n,m G N \ {0}, is a rational number, 

then there exist harmonic functions with smooth trace on the boundary of the domain but having 

a logarithmic term in the leading part of the asymptotic expansion: it is sufficient to consider the 

classical example u(a;, y) = Q(z™ logz), z = x + iy, in the domain 

H ' 

C^ ; {{x,y) = (r cos 6*, r sin 6*) GM^ : r > O,0G (0,7r/m)}. 

In [141 Theorem 3.4] logarithmic terms are excluded in the leading expansion term in the case of 
homogeneous boundary conditions also for rational values of a. 

Related results for scmilinear Dirichlet problems on plane domains with corners were obtained in 
[12j [23] ; see also [15] for the study of existence and nonexistence of solutions to singular scmilinear 
elliptic equations on cone-like domains. We mention that edge asymptotics (which is naturally 
related to corner asymptotics) is investigated in |S] (see also the references therein). 

In the spirit of the paper |20j . which provides asymptotics of positive solutions to p-Laplace 
equations with forcing terms and non-homogeneous boundary conditions on straight A^- dimensional 
cones, we mean to describe the rate and the shape of solutions to ([1]) near corners of domains which 
are perturbations of cones, by relating them to the eigenvalues and the eigenfunctions of a limit 
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2 VERONICA FELLI AND ALBERTO FERRERO 

operator on the spherical cap measuring the opening of the vertex. The method this paper is 
proposing for valuating the asymptotic behavior of solutions to ^ is based on the monotonicity 
method introduced by Almgren [5] in 1979 and then extended by Garofalo and Lin [TU] to elliptic 
operators with variable coefficients in order to prove unique continuation properties. Monotonicity 
methods were recently used in [71 |51 [U] to prove not only unique continuation but also precise 
asymptotics near singularities of solutions to linear and semilinear elliptic equations with singular 
potentials, by extracting such precious information from the behavior of the quotient associated 
with the Lagrangian energy. Almgren type formulas were also used in [I] to prove unique contin- 
uation at the boundary; the diffeomorphic deformation of the domain performed in [I] (see also 
|18| ) to get rid of the boundary contributions inspires our construction of the equivalent problem 
(j37p in section [21 for which a monotonicity formula is derived in section [SI 

As a byproduct of our asymptotic analysis we also obtain a unique continuation principle for 
solutions of ([!]) vanishing with infinite order at the conical point of the boundary. 

The strengths of the monotonicity formula approach are described in the note [3] : they essen- 
tially rely in the sharpness of the asymptotics derived, in the possibility of allowing quite general 
perturbing potentials, and in the unified approach to linear and nonlinear equations. 

In subsection ll.il we introduce notation and assumptions needed to state our main result The- 
orem [O] 

1.1. Assumptions and main results. For A^ ^^ 2, let 1^9 : M^^-'^ — ^ M and g : §^~^ ^- M such 
that, for some 5 > Q, 

(2) ^(0)=0, ^eC2(K"-i\{0}), 

(3) geC^E'^-^) if A ^3, 

(4) sup ^^-g{iy) = 0(t*) as t ^ 0+, 

;JV-2 t 



u& 



sup^gsiv-2 \Vv{tv) - g{v)v - VsN-2g{v)\ = 0(t*), if A^ ^ 3, 



(6) \D^ip{x')\=Oi\x'\-^) aslx'I^O. 

As we will show in Lemma [2.11 assumptions ([^HS]) imply that there exists Cq > such that 

(7) \ip{x') - Vip{x') ■ x'\ s; Ca\x'\^+^ for all x' in a neighborhood of x' = 0. 
Furthermore, from ([3|) it follows that the function (po : R^^^ -^ M, 

\0, n X =0, 

satisfies 

^0 e C"(]R^-i) and ipoeC^iR^~^\{0}). 
Hence the cone in M^ with vertex in defined as 

(8) C := {{x',xn) e M^"^ xR:xN> <^o(a;')} 
is open. In particular, 

is an open connected subset of §^^^. 

Let O be an open subset of M.^ such that, for some R > 0, 

(9) rtn Br = {x ^ {x', xn) e Br: xn > ',^'(2;')}. 

where Br denotes the ball {x £ M.^ : \x\ < R} in M.^ with center at and radius R, see figure[Tl 
Let A : il ^ Mnxn (with A4nxn denoting the space oi N x N real matrices) satisfying 

fay =(A)y el^i^°°(r!) for alH,j = l,...,Af, a„ = Oj,, 

[there exists Ca > such that A(a;)^ • O CaI^P for all ^ e M^ and a; e 17. 
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V{x') 



ipo{x') 



Figure 1. An example of domain Vt. 



We observe that under assumption (jlOp . the functions aij are actually Lipschitz continuous func- 
tions on f2; moreover, due to symmetry and positive definiteness of A, up to some change of 
variable, it is not restrictive to assume that 

(11) A(0) = ldw, 
where Mat denotes the identity N x N matrix. Let us assume 

(12) beL-(f},R~), \h{x)\=Oi\x\-'+') as|x|^0, 

(13) h e L^ci^), h{x) = 0{\x\-^+^) as \x\ -^ 0. 

It is not restrictive to assume that the positive constants S's of formulas Q, ([5]), p^ . and ([1 
are the same and that S £ (0, 1). Let V : S^~^ — >■ E such that 

V = 0, if TV = 2, 

(14) {Lv-.^ sup I^W:];^(")I < +00 and A(T/) < 1, if iV ^ 3, 



where, for A^ ^ 3, 
(15) 



sup 



A{V) := sup 

i)G-Di'2(C)\{0} 



|a;|"2^(x/|x|)w2(a;)dx 



|Vw(a;)pdx 



and I?^'^(C) denotes the completion of C^{C) with respect to the norm 

\\u\\-r,i.2(^c)-^lj\yu{x)\^dxj . 

Let f -MxR^R such that 

(16) /eC"(fixM), FeC^(OxR), s^ f{x,s) eC\R)ioT a.e. xen, 

(17) |/(x,s)s| + |/i(x,s),s2| + |V,F(x,s)||xK|^^^''''' + '''' ^' ifA^;^3, 
^ ' '■'^ ' ^ ' '•'^^ ' ^ ' I :r V , ;ii I -- |(;.^(|^|2^|^|p)^ for some p> 2, if A^ = 2, 

for a.e. a; e rj and all seR, where F{x, s) = J^ /(x, t) dt, 2* = 2N/{N - 2) is the critical Sobolev 
exponent, C/ > is a constant independent of cc € Jl and s e K, \7xF denotes the gradient of F 
with respect to the x variable, and fg{x, s) = -if-ix, s). 

Let fJ,i{V) be the first eigenvalue of the operator Cy '■= — AgN-i — y on the spherical cap 
C C S^~^ under null Dirichlct boundary conditions. By classical spectral theory, the spectrum of 
the operator Ly is discrete and consists in a nondecreasing diverging sequence of eigenvalues 

l^iiV) ^ ti2iV) ^ ■ ■ ■ ^ ^ik{V) ^ ■ ■ ■ 

with finite multiplicity the first of which admits the variational characterization 



(18) 






Moreover ni {V) is simple and its associated eigenfunctions do not change sign in C. 
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The main result of the present paper provides an evaluation of the behavior at the corner of 
weak solutions u E H^{fl) to 

V( 



(19) 



- div(A(a;)Vu(x-)) + b(a;) • yu{x) r^u(a;) = h{x)u{x) + f{x, u{x)), in fl, 



X 



u = Q, on 9f7 n Br. 



Theorem 1.1. Let A, b, /, h, V as in assumptions ilOl]17\ l and let fl satisfying (0j and flHS'. Let 
u £ H^(fl) \ {0} be a non-trivial weak solution to il9\) . Then, there exist fco G N, /cq ^ 1, and 
an eigenfunction of the operator Cy = — Agjv-i — V associated to the eigenvalue fikoiV) such that 
IIV'IIl2(S"-i) = 1 and 

(20) x'^-^('^r^'^^oiv)uiXx) -> \:,\-'^+^i'^r^^^oiyU^\ „,A->0+ 

in H^(Bi), in C^^^{Cr]Bi) and in C^^^{Bi \{0}) for any a £ (0, 1), with u being trivially extended 
outside Q. 

As a direct consequence of Theoreni ll.il the following point-wise upper bound holds. 

Corollary 1.2. Under the same assumptions as in Theorem \Ll\. let u G H^{Q,) \ {0} be a non- 
trivial weak solution to Iil9\) . Then, there exists fco G N, fco ^ 1; such that 

u{x) = oilxl-^+^^^y+^'o^^A as|a;|^0+. 

A further relevant consequence of our asymptotic analysis is the following unique continuation 
principle, whose proof follows straightforwardly from Theorem ll.il 

Corollary 1.3. Under the same assumptions as in Theorem \Ll[ let u G H^{^) \ {0} be a weak 
solution to (J19p such that u{x) ~ 0{\x\'') as \x\ — > 0, for any k G N. Then u = m 17. 

Theorem 11.11 will be proved by introducing an auxiliary equivalent problem obtained as a dif- 
feomorphic deformation of the original problem ([T^. More precisely, letting Co be as in ([7]) , we 
define the local diffeomorphism 

(21) vI,:R^^R^, ^{y) = ^iy',yN):={y',yN + 2Co\y\^+'). 

If M G H^{il) is a weak solution to p^ . then w = uo'I' weakly solves (in the intersection of ^^^(i7) 
with a sufficiently small neighborhood of 0) 

(22) - diY{Aiy)yw{y)) + h{y) ■ Vw{y) - -y^Mv) = hiy)wiy) + /(y, w{y)) 

where 

(23) I(y) = |detJacvI/(2;)|(Jac*(y))-iA(*(y))((JacvI/(y))^)-i, 

(24) b(y) = |detjacvl/(y)|b(vl/(y))((jacvl/(y))^)-i, 

(25) fiy,s) = |det Jacvl/(y)|/(\l/(y),s), 



V{ 



■j-jy) 




(26) h{y) = |det Jac*(j/)|/i(*(y)) + | det Jacvl/(y)| I ^g^ 

+ (|dct Jac*(y)| 

For the auxiliary problem ([22|) an Almgren monotonicity formula is used to describe the rate and the 
shape of the singularity of solutions, by relating them to the eigenvalues and the eigenfunctions 
of the angular operator Cy on the spherical cap C. The behavior of solutions of the auxiliary 
problem ((22) (and then of the original one ([T|)) near the corner is indeed classified on the basis of 
the limit of the following Almgren type frequency function 

AS/w-\/w + h-S/ww rM-\w\'^ - hw^ - f{y,w)w]dy 



U-Hn)ndB,.^^^^(y)d<^iy) 
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which is defined for r > sufficiently small (see piOp and ^341) ). 

Theorem 1.4. Let A,h, f,h,V as in assumptions ilO\ - \17\ l and let ft satisfying ^ and ^^\^. Let 
u € H^{Vl) \ {0} he a non-trivial weak solution to \19i) and w = no ^ with ^ as in i21\} . Letting 
Af as in {27^, there exists fco S N, fco 5^ 1, such that 



Furthermore there exists^ G Hq{C) C H^{S^~^) eigenfunction of the operator Cy — — Agw-i— 1^ 
associated to the eigenvalue fJ-koi^) such that 

(28) A^"V(^f+^*o(v)^(^2.) ^ |a;|-^+y(^)'+M<=o(^)^ (^] asX^O 



X 



in H^(Bi) and in C^^^{C (1 Bi) for any a G (0, 1). 

Furthermore, Theorem [7j6] will provide more precise informations on the limit angular profile "0: 
if 771 J^ 1 is the multiplicity of the eigenvalue ^ko(^) ^-nd {ipi ■ jo ^ i ^ jo + rn — 1} is an L'^(C)- 
orthonormal basis for the eigenspace associated to jikoiV), then the eigenfunction ij) in (pS)) (which 
coincides with the one appearing in (|20p , as clarified in the proof of Theorem 11.11 see section [7]) 
can be written as 

jo+m-l 
i=jo 

where the coefficients /3,; can be represented in terms of the Cauchy 's integral type formula (|215p . 

We emphasize that our monotonicity approach allows excluding the presence of logarithmic 
factors in the leading term of the asymptotic expansion; we refer to [2] for a detailed comparison 
between the monotonicity approach to asymptotic analysis and the results obtained in earlier 
literature (see e.g. [51 IHl [HI [131 [IH [13 [HI [53]) by integral representation and Mellin transform 
methods. 

In section |S| we produce an example in dimension A^ = 2 of a harmonic function on a domain 
with a corner of any amplitude and delimited by arcs violating assumptions (|3HSl)i satisfying 
null Dirichlet boundary conditions but exhibiting dominant logarithmic terms in its asymptotic 
expansion. Hence assumptions (|4H5]) are crucial for excluding the presence of logarithms, even 
under null boundary conditions. Besides the failure of conditions (jlHSli other possible reasons of 
occurring of logarithms in the expansion could be boundary conditions (even if very regular when 
the amplitude is resonant, see [l3J[22]) or lack of linearity with respect to the first derivatives of 
u, see P3] . 

Notation. We list below some notation used throughout the paper. 

- For all r > 0, Br denotes the ball {x € K^ : |a;| < r} in M.^ with center at and radius r. 

- Mnxn denotes the space oi N x N real matrices. 

- Wat denotes the identity N x N matrix . 

- For every vector field ^ G C^(R^,R^), Jac^ denotes the Jacobian matrix. 

2. An equivalent problem 

In this section we construct an auxiliary equivalent problem by a diffeomorphic deformation of 
the domain. 

Lemma 2.1. Under assumptions ^B\5^, there exists Cq > such that ^ holds. 

Proof. From (JH) and ([5|), we can estimate, for A^ ^ 3, 

|^(x')-V^(x')-x'K|x'||^-g(^)| + |x'||(v^(x-')-ff(^)^)-^ 

= N'l|^-5(#^)| + k'l|(v^M-3(#^)#^-Vs«-..9(f^))-f^|=0(|xr+^) 
as \x'\ -^ 0+ thus proving ^. The proof for A^ = 2 is similar. D 
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Wc notice that the function ^E" defined in (j2fp satisfies 'i E C^( 



pN TaN\ 



( 



Jac*(y',yAr) = 



exists a bounded neighborhood U C M'^ of 



•• 

y2Co^yi 2Co^y2 •• 

for all [y' tIjn) 7^ 0, and Jac^(O) = Mat. Hence there 

such that the restriction ^|„ : [/ ^- ^([/) is a C^-diffeomorphism. Let us denote as 

(29) f2:=*-i(r2n*(t/)) 

and let us consider the function 

(30) ^{y') = ^-\v\^{v'))-eN. ejv = (0,0, • • • , 0, 1), 
which is well defined in a sufficiently small neighborhood of in M^^^. 



Lemma 2.2. There exists R > such that 

,/|2 I I,~^„/m2\t- 



(31) 
and 

(32) 



^{y') + 2Co{\y'\' + myT 



ip{y') for all y' G 



BiV-l 



, ly'l < R. 



nr\B 



R 



{{y',yN)eB^ -.yN > if{y')}. 



Proof. From the definition of f we have that 

^~\y', v{y')) = {y', ^{y')), i-e. (y', v{y')) = ^(y', viy')) 



for all 2/' e 



pW-l 



iuch that (?/', <f{y')) G '!'([/); which implies (|5T|) for some R> sufficiently small. 



To prove ([5^ wc observe that there exists i?o > such that for every fixed x' £ R^ ^, |a;'| < i?o, 
the function 

te {-Ro,Ro)^'i-\x',t)-eN 
is strictly increasing with respect to t, since its derivative 

d /_,, , .. \ 1 



^ (*-(.', t).e. 



1 + 2Co(l + 5)|*-i(x',t)|-i+^*-i(a;',i) • e^ 

is strictly positive provided Rq is sufficiently small. In particular, letting x ~ ^(y) in a sufficiently 
small neighborhood of 0, xn > (p{x') if and only if 'ii~^{x' ,xn) ■ cn > "^^^{x' ,(p{x')) ■ ejv and 
hence if and only if yj^ > ^{y'), which, in view of ^ yields the conclusion. D 



Remark 2.3. From assumption ^ and ([5l]) . it follows that 



(33) 



sup 



ip{tiy) 



-5(1/) ==0{t^) ast 



0^ 



which implies 

(34) my')-My')\ = 0{\y'\'+') as|2/'|^0+. 
Furthermore, from assumption ([5]) and ([5T|) . there also holds 

(35) \Wip{y')-WMy')\=0{\y'\') as ly'l -> 0+, 
whereas assumption ^ implies that 

(36) \D'lp{y')\ = 0{\yr') as |y'| ^ 0. 

If u e H^{fl) is a weak solution to ([T^ . then w = uo 'i' £ H^{n) is, up to shrinking i? > 0, a 
weak solution to 



(37) 



- diy{A{y)Vw{y)) + h{y) ■ Vw(y) 
^w = 0, 
where A, b, h, f are as in 



V \y I 



wiy) = h{y)w{y) + f{y, w{y)), in Q, 
on dnnBf,, 
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Lemma 2.4. Let A, b, *, /, /i, V as in assumptions fMf77| ), IHP, a^rf ^, b, /, /i as ifH4^] . T/ien 
rieC0(H,7WjVxiv), Ie<„f(H\{0},7Wjvxiv), I(0)=Idw, (I),,=(I),„ 

(38) i I(y)^ . ^ > C;j|^|2 /or all ^eR^^yeQ, and some C^ > 0, 
il|rf^(y)l!£(K«.^„x«)=0(|y|-i+*) and I(y) - Idjv = 0(1^1*) as |y| -> 0, 

(39) beL-(f^,M^), |b(y)H 0(1^1-1+*-) as |y| ^ 0, 

(40) /eC°(OxM), _FeC^(OxE), s ^^ /(y,.s) G C^(K) /or a.e. y G f2, 



(41) \fiy,s)s\ + \niy,s)s'\ + |V,F(y,s)||y| ^ J 



Cfi\s\ 



|2*N 



tfN^S, 



(42) heL^M, hiv) ^ Oi\y\~'+') as\y\^0, 

where F{y, s) = /^ /(y, t) di = | det Jac *(y)|^(^(y), s). 

Proof. Estimates ([55HiT|) follow from (j^M^ . dHHUl), and assumptfons (fTUHT^ . (fTMTTl) . To 
prove estimate (|42|) . we first observe that (|T3|) implies | det Jac^(y)|/i(^(y)) = 0{\y\^^^^) as 
1 2/ 1 -!► 0. From ([H]) and 

|*(y)| = |2/|(l + 0(|y|^)), *(2/) = y + 0(|2/|i+^) as ly^ 0, 

it follows that 



Vi 



l*(!/)h 



^(^) 



€ 






< 



^( 


*(y)|) ^(|y|) 




l*(y)P 



v^ A 



1 



1 



\y\Hi + 0{\yn 



*(y) 



i2/i(i+o(iyn) M 



Lv \^iy)-y + 0{\y\^+')\ 



+ i|V"i|L=o(siv-i) 

+ I1^I1l~(s^ 



\y\'y\^{y)\^ |y|2 

1 



\ym + 0{\yn |yP 

0{\y\') 



|yP(l + 0(|#)) |y|(l + 0(|yn) " ^" " ' |yP(l + Odyl^)) 

which, taking into account that | det Jac\l'(2/)| = 1 + 0(|y|'') as \y\ — > 0, yields (|^ 



Oi\yr'+') 



n 



Lemma 2.5. Let A as in assum,ptions hl(Mll\) and A as in 

'y^ + 0{\y\^), 



Then 

if I s^ m N - I, 



(A(y)y), = {yN- 2Co(l + S)\y\-^+'\y'\^^ 



+ 0(|y|2), tft = N, 



l + 2Co(l + <5)|y|-i+V 
as y — )■ 0. 

Proof. The proof follows from ([27l - [28|) . direct calculations and the estimate 

\a^,{^{y))-S,,\ = 0{\y\) as |y| ^ 0, 

which is a consequence of ([TU]) and pT|) . 

Let us consider the exterior unit normal i> to dfl D Bj^. From (|3T]) and ((32|) . it follows that 

,,.^ -. , ^ (V(^(y'),-1) 

(43) i/(y , yAr) = 



n 



1 / Vy(yO-2Co(l + ^)|y|-^+V _ \ 

(y')\^ + iy l + 2Co(l + <5)|y|-i+^y^ ' ^ 



v/|V(?(y')P + 1 VWWmT 

Lemma 2.6. Lei ^ as in assumptions UOWll]) . A as in \23\) . Q. as in \29\) with Vt satisfying l§\), 
(0-[^, and v as in C5l). Then A{y)y ■ v{y) ^ for all y G (917 n Br) \ {0} provided r is sufficiently 
small. 

Proof. Taking into account that y^ = 'f{y') and |y'P + |^(y')P = |yp on dflOBj^, from Lemma 
[231 (|43)l . and (l3l|), we deduce that 

y' ■ ^'fiiy') - VN 



(\/|V<?(y')P + l)A(y)y • z>(y) = - 



Oi\y\ 



+ 2Co(l + <5)|y|-i+*y^ 
y'-\/^{y')-^{y') + 2Co\y\^+' 
l + 2Co(l + <5)|y|-i+^yw 



Oi\yn 
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Hence Lemma \TJ\ yields 



Co\y 



1+5 



l + 2Co(l + d)|y| '-+^yN 
provided |y| is sufficiently small. D 

The above lemma ensures that, under assumptions ([l]-[5]), (P HTTj) . ([25]) . and (P^ . up to shrinking 
^ > there holds 

(44) A{y)y i){y) ;? for all y e (dh n B j^) \ {0} . 

3. Hardy type inequalities (TV ^ 3) 

Throughout this section we assume N ^ 3. The following lemma establishes the relation between 
the values A{V) defined in p5|) and i-ii{V) defined in (fT^ and the positivity of the quadratic form 
associated with the principal part of the elliptic operator on the limit domain C defined in ([5]). 

Lemma 3.1. If N ^ 3 and V G L°°{S^~^), then the following conditions are equivalent: 

J^\Vv{x)\'dx-J,^^^v^{x)dx 

V "if . 1^ , .,, , > 0; 

m6-D1'2(c)\{o} j^\Wv[x)\^ dx 

ii) A(y)<l; 

iii) ^^^v)>-{^f. 

Proof. The equivalence between i) and ii) follows from the definition of A(y), see (|15p . The 
equivalence between i) and iii) can be proved arguing as in |19l Proposition 1.3 and Lemma 1.1]. D 

Let U be as in ^^ with D, satisfying (O and ([2HS1), and ip be as ^^. For every r e (0, R) let 
us denote 

(45) Cr = S^-1 n (if2) = {(zy,yjv) G S^-i : yN > r-'^{ry')} 

and, for V e L°°{S^^^), let us consider the first eigenvalue fii{V,r) of the operator — Agw-i — V 
on the spherical cap Cr under null Dirichlct boundary conditions, i.e. 

Ic [|Vs«-.^(0)|'-n^)|V(0)p]da(0) 
We also define 

!^^v{e)\^{e)\^da{9) 



(47) K{V,r) 



^Gffi(c.)\{0} /^^ [|Vs«-iV'(e)r + (^) IV^WP] dcT{e) 



Lemma 3.2. Lei TV ^ 3, V" G L°°{E>^-^), ^il{V,r) he defined m (g^, ^JLl{V) m ^E^, K{V,r) in 
g^j, and k{V) in (Q^). Then 

(48) lim /ii(y,r)=A*i(F) 

r-J-0+ 

and 

(49) lim A(T/,r) = MV). 

Proof. We first claim that 

(50) for every -0 € C^(C) there exists tq > such that supp-0 C Cr for all r S (0,ro). 

To prove the claim, let us consider V' € C^{C) and denote A' = suppV'. Since K is compact, we 

have that 

5 = min {yN - (fioiy')) > 0. 
(y',yN)€K 

From (|55|) . there exists tq such that 

^^ - 5(1/) < 5 for all t e (0, ro) and for aU v e S^^^ 
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Then for all r E (0, rg) and {y' , i/n) G K wc have that 

lp{ry' 



Vo(y') 



and hence 



VN ^ [VN - <<5o(y )) 



\y 



foiy') 



r\y'\ \\y' 



(p{ry') 



^5 



<S 



Vo{y') 



(fiiry') 



>0 



which implies that K C Cr for all r G (0, tq), thus proving claim ([50]) . 

From ([50]) it follows that for every -0 S C(?°(C) there exists vq > such that, for all r e (0,ro) 



Hence 



J^[\Vs^-^^i0)\'-vmH0)\']da{e) 



limsup/ii(y, r) SC 

r->0+ 



J^\iie)\^dai9) 



for all e C^{C). By density of C;?°(C) in H^iC), we conclude that 

\imsupni{V,r) < /ii(T/). 

r->0+ 

To prove (P5|) . it remains to show that 

(51) liminf//i(F,r) ^/^i(F). 

Arguing by contradiction, let us assume that (|5ip fails, then there exists {r„}„gN C (0, R) such 
that lim„^-|_oo ?"« = and lim„_s._|-oo Mi(^i ''») < Mi(^)- For all n, let ipn € ^o(C'r„) such that 

fii{V,r,,)^ f [\WsN-iMO)\^-V{9)\M0)f]da{0) and / |V„(0)|' da(^) = 1. 

Let us identify ipn with its trivial extension in §^~^ which belongs to H^{S^~^). It is easy to 
verify that {V'n}neN is bounded in i/^(§^~^) so that there exists a subsequence tpnk weakly and a.e. 
converging to some ip in iJ^(§^^^). By compactness of the embedding iJ^(§^^^) M- L^(§^^^), 
we have that /gw-i ■0'^ = 1 ^-^d by weakly lower semicontinuity 

(52) / [\Vs«-.^{e)\^ -v{9)\^{e)\^]da{e) 

^ liminf / [|Vs«-i^„,(0)|' - y(0)|0„,(0)|2] da(0) = liminf /^i(F,r„J < /ii(F). 
By a.e. convergence of ^0^^ to ^, it is easy to verify that ip € Hq{C) thus implying that 
Mi(^) ^ / [|Vs«-iV(e)r - ^(^)IV'(e)l'] da{9) 

giving rise to a contradiction with ([5^ . (j48p is thereby proved. The proof of (^^ can be derived 
in similar way after observing that 



A{V) 



j^vmi^m'daie) 



i'eHl,ic)\{o} J^ [|Vs«-i^(0)f + (^)>(0)|2] d<j{e) 



see [ini Lemma 1.1]. 



D 



We extend to singular potentials on corner sets the Hardy type inequality with boundary terms 
proved by Wang and Zhu in [21]. For every r S (0, R) let us denote 

(53) Qr^^riBr, Sr^idBr)nh, Tr = (dh) H Br, 

so that dflr ~ SrUTr- 
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Lemma 3.3. Let N '^ i and V e L°°(§^-i). For every r G (0,^) and v € H^iflr) such that 
V = onTr, the following inequality holds 

n, \ li/P / ^' Js, 

~2 



(54) / [\Vviyr-^^v'iy)jdy+^- I v'iy)da 



M [[^)+i^^ivM)Y-Mdy. 

n,. 



Proof. Let v S C^{fl n Br) for some r € (0,i?). Passing to polar coordinates and denoting as 
V the trivial extension of u in i?^, we have that v £ C°°{Br) and 

(55) J^ (^|V«(2/)P-^^^^(?/))d2/+^/^t'^(y)da 

iV-2 



^-1 / \dsv{s,e)\^ da{9)\ds + ^—r^-^ 



s^-^ I \dsv{s,e)\'daie)]ds + — r^-i / v\r,9)daie) 



s^'^ I [\s/s«-iv{s,o)\^-v{ey{s,e)] d<7{e)]ds 

\ JCs J 

s^-^\dsv{s,0)\^ ds) dai9) + ^^—^r^-^ [ i^{r,0)da{e) 

s^-3 f [|Vg«-it>(s,6')|2-y(6»)u2(s,6l)] d(j(6i))ds. 

For all 6* G S^-\ let (/?e e C°°{0, r) be defined by (peir) = i{r, 6), and Ipe G C°°{Br) be the radially 
symmetric function given by ipeix) = (y9e(|a;|). We notice that ^ supple- The Hardy inequality 
with boundary term proved in |21j yields 

(56) / (fs^-^\dsv{s,0)\^ds)dai9) + ^^^—^r^-^f v^{r,9)da{0) 



^/ { I \V^g{x)\^dx+^^ j \^e{x)\^ da ] da{e) 
^N~i J%N-i \Jb,. 2r Jas, 



'' WAr_i V 2 y Vgiv-i v7b^ ixp 

where u:n-i denotes the volume of the unit sphere §^~^, i.e. ojm-i = /sjv-i da{6). On the other 
hand, from the definition of fJ.i{V, s), see (|46)) . it follows that, for every s G (0,r), 

(57) / {\\/sN-ivis,9)f^Vie)v\s,e)) da{e)^^ii{s,V) f v\s,e)da{e). 

JCs JCs 



From dnni), dini), and dST]), we deduce that 

f\Vv{y)\'~^v^y))dy+^ f v\y)dal 



iV-2"^ 



+ m(kl,^) 



Sdx 



for all V G Cj?°(ri n Sr), which, by density, yields the stated inequality for all i/^(Oj.)-functions 
vanishing on P^. □ 

Corollary 3.4. Let N ^ i and V G i°°(S^"i) such that k{V) < I, where A{V) is defined m 
il5\) . Then, there exist Rq G (0, R) and Cn,v > such that, for every r G (0, Rq) and v G H^{rtr) 
such that V ~ on Tr, the following inequalities hold 






(58) J^^^\Vviyr-^vHy)yy+^J^v\y)da^l((^^^ +^i(y) 



■dy, 
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(59) / [\Vviy)\' 



^^WO 2,.,^^^., , l + A(y)iV-2 /-^.a,^,,^,^ 1 - A(y) 



-V (y) ]dy 



2r 



V {y)da ^ 



\Vv{y)\^dy, 



(60) 



Vv{y)\' 



Vi^) 



\v\ ',2 



V (y) dy 



N -2A{V) + 'S 
~Yr 4 



v^{y)da 



Sr- 



> ^^^v{l (l^«(y)l' + ^) dy + lklli-(ao 



Proof. Inequality (|58[) follows from Lemmas 13.21 and 13.31 To prove ([5^ we observe that if 



i?o is sufficiently small, then, by P^ and assumption ((T?)) . A(V,r) < 



A(V) + 1 



for ah r e (0,i?o)- 



Consequently for all v e C^{^ n Br) with r e (0, Ro), from (gT]) and dSll), it follows 



n^) 



'|^«'(2/)dy^ 



,Af-3 






^MZHlTs-^^ 



Vieyis,9)dai9)]ds 

Cs J 



VgJV-l 

Vgjv-iT; 



, / /V — 9\ 2 

«(^,^)| +(^^) K^,^)P 



^(7(6*) jrfs 



Cs 



VV-2\2, 



I 2 / iV — Z \ ^ 



dcr(6l) Ids 



^ 



K{V) + I 



,7V-3 



|Vsiv-iw(s,6i)| dCT(6')J +s^-M / \dsi{s,e)Yda{d)] ]ds 



A(y) + 17V-2^^_i 



2r 



v^{r,e)da{e) 



C- 



A(F) + I 



|Vw(y)pdy + ^^ / v^{y)dy 



2r 



Sr 



which yields (j59p by density. From summation of ([551) and ([5^]) and Sobolev embeddings, it follows 
that, for every r £ (0, Rq) and v G H^{nr) such that w = on F^, 



(61) / [\Vviy)\ 



2 ^(*).,2..^.,,^-23 + A(y) / ^,^^^^^ 



|y| 



-u (y) dy 



2r 



^^min|(^)+Mi(ni-A(V^) 



|w(y)| dy 



2/2* 



where S'at > is the best constant of the Sobolev embedding H^{Bi) C L^ (Bi). By summing up 
dm), dnH), dnU, we conclude that §0^ holds with 



C 



N,V 



m{l,SN/2}mm{{^y+fi,{V),l-AiV)} 



D 



Repeating the same arguments carried out in this section for the family of domains fir, we can 
prove analogous estimates on the domains 51^ UC 

Corollary 3.5. Under the same assumptions as in Corollary \3.4\ there exists Rq such that for 
every r e (0, Rq) and v G H^(flr U C) such that v — on d(flr U C) n Br, the following inequality 
holds 



o^uc 



\Vviy)\' 



^ Cn,' 



n^) 



\y\ ' „,2 



V (y) dy 



N-2A{V)+3 
~^r 4 



(nuc)nas^ 



v^{y)da 



n^uc 



^^iy)\' + ^-^)dy + \\v\\l.-^nrUC))- 
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4. A Brezis-Kato type estimate in dimension N ^ 3 

Throughout this section, wc assume A,h,h as in (p3)) . ((24)) . ((26)) with A,b, ^,/i, 1/ as in as- 
sumptions (fT0HT5)l . (|2T|) . and let SI as in ((29)) with ^ satisfying ([9]) and ([2H5]). We also assume that 
W G Lj'Qj.(ri) satisfies the form-bounded condition 

J^\W{y)\v^{y)dy ^ ^ 

sup 11 1,2 < +00, 

see [TS|. The above condition in particular implies that for every v E H^{il), Wv E H^^{n). Let 
w G H^{n) \ {0} be a weak solution to 

{V( '^ ) ^ 

- diviA{y)Vw{y)) + b(y) • Vz«(y) - -j^Mv) = HvMy) + Wiy)wiy), in n, 
w = 0, on afi n B^. 

Proposition 4.1. Let N ^ 3 and let w be a weak solution of II62\) . IfW+ € L'^^^lfl), letting 
_/ f min|^^(^-2,2*}, z/ A(V-) > 0, 

then for every 1 SC g < giim t/iere exists r^ > depending on q, N, A, b, V, /i suc/i i/iai if G L''{Qr ) 



Proof. For any 2 < r < ^qum define C(t) :— ^r^ and let £^ > be large enough so that 

Sn{2C{t) -A{V)-1) 



(63) (^ j W+^y)dy] < 

nn{w+iv)^e^} 
where 



7jv = int Tj 



For any cf) G iJQ(r2), by Holder and Sobolev inequalities and ((63)) . we have 

2 

(64) fw{yM{y)\'dy^er[\Hy)\'dy+( [ wf{y)dyY([\cj,iy)fdy 

^(r [\Hy)\'dy+ ^^^^^-^^^^~'^ fWHyrdy. 
Jn * Jn 

Let r £ (0, i?) small to chosen later and rj G C^{Br) be such that r^ = 1 in -8^/2- Let us define 
v{y) := ri{y)w{y) G i7Q(i7r)- Then w is a i7^(Slr)-weak solution of the equation 

yiri) 

(65) - div{Aiy)Vviy)) + h{y) ■ \7viy) - -r^viy) = /i(y)w(2/) + W{y)viy) + g{y), in n^, 

where 5(y) = - div(l(y)V?7(y))w(y)-2A(2/)Vu;(y) •V77(2/)-H (£(?/) •V7?(y))w(y) G L'^iVtr). For any 
n G N, n ; 
we obtain 



n G N, ri ^ 1, let us define the function v^ := min{|w|,n}. Testing (I55t with (w")"^ ^w G -//(^(Sl^) 



(66) / («"(y))^-^A(y)V«(y).Vz;(2/)dy 

r V(— 

..nr„,\\T-3\„,i-„,\\ . r„,\ Af„.\-V7„,f„,\ V7„.l'„,^ J„, / \y \ ' l'„.nf„,\\T-2„,2 

/o, \y\ 



+ {t- 2)1 {v"iy)r-My)\X{Hy)\<n}iy)A{y)Vv{y) • Vz;(y) dy -/_ ^J^(^;"(y))-\,2(y) ^^ 



-/ ihiy)-Vviy)W\y)Y-My)dy+ h{y){v^{y)Y-'v\y) dy 
Jn^ Jn^ 

+ f W{yW^{y)y-\\y)dv+ I g{y){v-{y)Y-\{y)dy. 
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We observe that the fohowing identities hold true 
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(67) 



AV((w")*-lw)-V((i;")*-lw) = {v'^y-^AVv-Vv + (^-2)(^+2) ^„.rnr-2 



(i>")--^X{|„l<„}AVi;-Vt., 



|V((w")5-iw)|2 = (w«)--2|Vw|2 + ^"'')^("+') (7;")"-2X{|,|<„}|Vt;p. 



By ([55)1 . ([57]) . Holder and Hardy inequalities, we have 



(68) 



ihiy)-Vviy)){v'\y)r-My)dy 



Jo^ iyi 



^Cgr^ 



«"(y))--1V«(y)|2rfy 



1/2 



iiv"iy))^-Hy)r 
\y\' 



dy 



1/2 



< 



2Cz 



b ^(5 



7V-2 



r« |V((«"(y))^-^«(y))|^dy 



for some positive constant Cz depending only on b. 

Then by dSi), dSgi applied to the function {v'')i-^v, §^ applied to (^ = (z;")^-^t;. (P ]) . ((55|l . 
([42]) and classical Hardy inequality, we obtain 



n^). 



(69) 



< 



n, I2/P 



C(T)(l-if^/) / \S/{{v-{y))i-My))\'dy 
{{v"{y))i-h,{y)fdy~ [ {h{y) ■ Wv{y)){v"iy)r-My) dy + I h{y){{v"{y))i~'v{y)fdy 



+ W{y){{v-{y)Y^~\{y)fdy+ g{y){v-{y)y-\{y)dy 



€ 



2 ^iV-2^niV-2 



■^, ^ 2C(r) - A(y) - 1 



|V((«"(y))*-^«(y))|^dy 



+4/ («"(2/))^-^(^^(2/))^d2/+ / \g{y)\{v-{y)Y-My)\dy 

for some positive constants K-^ depending on A and C^ depending on h. 
Arguing as in [9l Proposition 2.3], we can easily estimate 



(70) / \g{y)\{v'\y)y-My)\dy 



€ 



hi ir 



T — 1 / wjv-1 Y^ 



,.1^-^+25-1 



|V((«"(2/))5-iz;(y))pdy. 



Inserting ([70)) into ([M|) and using Sobolev embedding, we obtain 

(71) Sn 



4 I W A^ ^_2 ''ViV-2^ 



1 /cJAT^iV'""'* 



T \ N 



,,f^-N+2g 1 



N 



\{v^{y)Y-My)f dy 



2/2* 



s^ 



\\9\\h-in.)+er {v^\y)y-\v{y)Y dy. 



Since r < -^qnm then 2C(t) — h-{V) — 1 is positive and 2(t-i) ^ A^ + 2 is also positive. Hence 
we may fix r small enough in such a way that the left hand side of (j7ip becomes positive. Since 
V G L'^{Br), letting n — >■ +00, the right hand side of (j71[) remains bounded and hence by Fatou 

Lemma we infer that v G L~'^{Br). Since ?/ = 1 in 5^/2 we may conclude that w G L~'^{Bj./2). 
This completes the proof of the lemma. D 
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5. The monotonicity formula 



Let A,h,f,h be as in ((23H261) with A,h,'$J,h,V as in assumptions (fT0l - [T7| . ((2T|) . Let Q be 
as in (|29)) with fl satisfying ([9]) and ([2H5]). Let w G H^{n) \ {0} be a non-trivial weak solution 

to dSZl). 

For every r e (0, R) let us define 

A\/w • Vw + b- Vww r^kP - ^^^^ - f{y,w)w]dy, 

\y\ J 

KyW{y)da{y), 



(72) 


D{r)^ 


r""-' In, 


(73) 


H{r) = 


' r""-' Is, 


where 






(74) 







tJ'{y)= tJ'{y',yN)^\y\ '^A{y)yy. 
Lemma 5.1. Let N ^ 2 and let ji as in ^74^ with A as in i23\) . Then 

(75) ^'^y)^T^T^7^7Y^T^^T^TTs+0{\y\) = l + 0{\y\') as\y\^Q, 

\ + 2CQ{5 + l)yN\y\ ^+'' 

(76) VMy) = 0(12/1-1+*) as\y\^Q. 

Proof. Estimate ([75)1 follows from Lemma 12.51 and direct calculations. Differentiating ([71]) we 
obtain 

y^l{y) = -^2\y\-\A{y)y ■ y)y + \y\-\dA{y)y)y + 2\y\-^A{y)y. 
From ([75]) and ([55| we then deduce 

v.(.) - -YT^IcWT^tw^^ ^ ""^'^ + M-^o(M--) + 2M-(. + o(M-*)) 
- 4Co(^ + i),.M-+*. +o(M-+*) = o(|,|-+*) 



l + 2Co(<5 + l)2/jv|2/|-i+* 
as \y\ ^0. D 

Lemma 5.2. Let N ^ 2 and let A, V be as in JT^ , Ii23\} with A as in U(M11\) . Define the function 

m - ^^ 

Ky) 

Then we have 

(77) f3{y) ^y + 0{\y\'+') = 0{\y\) as \y\ ^ 0, 

(78) Jac/3(y) = A{y) + Oi\y\') = Id^ + 0{\y\') as \y\ ^ 0, 

(79) div/3(y)=iV + 0(|y|*) as|y|-^0, 

(80) f3iy) ■ Vs--^Viy/\y\) ^ y ■ Vs--^Viy/\y\) + 0{\y\'+') = Oi\y\'+') as \y\ ^ 0, 
Proof. It follows from the definitions of /3 and /i. D 
From ([55H^^ we we derive the following lemma. 

Lemma 5.3. Let N^2. Then H e Wl;^{0, R) and 

(81) H'{r) = ^ f ^i{y)w{y)^{y)da{y) + H{r)0{r-^+') as r ^ 0+ 

in a distributional sense and for a.e. r e (0,i?), where v — v(ij) is the unit outer normal vector to 
07., 1. e 
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Proof. We notice that, for all r e (0,i?), 



H{r) = / fi{re)\w{re)\''da 
where Cr is defined in P5|) . For every (j) S C^{0,R) 

' H{t)4>'{t)dt= f ( f pi{te)\w{t9)\'da)cf,'{t)dt^ f ^^^Ym^i^^^ ■V~4>{y)dy 

Jo \Jct / "'o^ \y\ 

div (^^iiy)w^{y)---j^j4>{y) dy = 

jv_i v{y)4){y)dy 



fu ^ \y\ 

w'^{y)^fJ'{y) + 2w{y)fi{y)\/w{y) 



n^ \y\ 

R 

2/ 



{2fj,{te)w{te)yw{te) ■ e + v?{te)ViJi{te) ■e)da] (j){t) dt, 

\JCt J 

where 0(2/) := (/'(I?/!)- Hence 

(83) H'{t)^f {2^i{te)w{te)Vw{t9)-e)da+ I {w^{t9)Vn{t9) ■e)da 

Jct Jct 

in a distributional sense in (0, i?). From w,^ e L^{^j{) we deduce that H e Wi^^{Q,R). Fur- 
thermore (1831) holds a.e. and can be rewritten as 



^'W = 71^ / ^'iyMv)-E^iy)My) + T^ I w^{y)S/fi{y)-iy{y)da{y) 
^,{y)w{y)^iy)da{y) + Hit)0{t-^+') 



as i ^ 0+ thus proving ([5T|) . D 

Lemma 5.4. Let N ^ 2. Let D and H the functions defined in |7ii| - f7g[ ). Then 
(84) H'{r) = -^ f {AVw ■ iy)w da{y) + H{r)0{r-'+'), 



r' 



Sr 



(85) H'(r) = -D(r) + H(r)0(r-^+^) 

r 

as r — > 0^. 

Proof. We have that 



/ (A'S/w-i')wda— / fiw——d(T-\ — / a • V(u' ) da 
Jsr Js^ oiy 2 Js^ 

aiy) 



iSr- "i^ ^ Js.. 

where 

M(y)(/3(y)-y) 



\y\ 

Since a(y) • y = and, in view of ([75)) . ([TT]). and ([T^]). 

diva=f^-M^V/3-y) + /i(div/3-7V)=0(|yri+^) as M ^ 0, 

\\y\ \y? ) \y\ 

we deduce that 

/ {AVwv)wdG^ f fiw^da-l [ divia)w^d(T= [ ^iw^ da + 0{r-^+^+^}H{r) 

JSr J Sr "^ 2 J Sr J Sr "^ 

and hence ([M)) follows from ([5T|) . Multiplying equation ([571) by u; and integrating on 17^, from ((M)) 
we obtain that 

r^-2^(r) = / {AVw ■ v)w da = -^—H'{r) + 0{r-^+^+^)H{r) 



ISr 

as r — >• 0+, thus proving (|55|) . D 

We proceed by distinguishing the cases TV ^ 3 and N = 2. 
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5.1. The case N ^ 3. By (pij) and Sobolcv embedding, we infer that the function 

f f(y,w(y)) \^ vi(v\ ^ n 

1 0, iiw{y)^0, 

belongs to L^/^(f2) and hence we may apply Proposition l4.1l to the function w. Therefore, through- 
out this section, we may fix 

(86) 2* <q< giim 

and Tg as in Proposition 14. II in such a way that w e L'^{Vtr ). 

Lemma 5.5. There exist ro € (0, niin{ i?,rg}) and a constant C = C'{N,V, A,h, f^hjw) > de- 
pending on N, V, A, h, /, h, w hut independent of r such that such that, for all r e (0,ro), 

(i) ii{y) > 1/2 for all y G Br, 

(-) r^-'I^D{r) + ^H{r)^ ^C^j^ (^|Vu;(y)P + !^) dy + ||Hli.* (o.) 

(m) H{r) > 0, 

where D and H are defined in {12^ and |73p . 

Proof. Estimate (i) near follows from the definition of /i. To prove (ii), we observe that, from 
dZH), dZSl), dZSI), and dSHHUl), it follows that 



^M + ^— ^Mj ^y^ (^|V^(2/)|^-^^^^(2/)jd2;+^— (l + 0(r*))y^ ^^(y)da 

^•-^^ 2/ n\ , A^-2A(y)+3 



+ (O(r^) - C;|h||f,7(^,,^^) (^^^ (|Vu;(y)|^ + ^) dy + ||z.||i..(,,^)) 

as r — > 0+, which, together with (|M)) . yields (ii) provided r is sufficiently small. 

To prove the positivity of H near 0, suppose by contradiction that there exists a sequence 
rn — >■ 0+ such that H{rn) = 0. Since /i(y) > if \y\ is sufficiently small, then w = a.e. on Sr„ for 
n sufficiently large and thus w G iJQ(rir„). Multiplying both sides of ([57)) by w and using estimate 
(ii), we obtain, for n sufficiently large, 

A\/w ■ \/w + b • \/ww -^^\w\'^ - /ilwp - f(y,w(y))w ]dy 

n,^„ \ \y\ J 

2/ 



^ C(|^ (|Vz.(y)P + ^) dy + ||z.|li..(,,^„)) 



which implies w = in O^^ for n large. Applying away from classical unique continuation 
principles for second order elliptic equations with locally bounded coefficients (see e.g. [H]), we 
conclude that w = a.e. in 51, a contradiction. D 

Remark 5.6. If w e H^{n) is a weak solution to ^, with A, b, f,h as in (P5]E5| . A, b, *, /, /i, V 
as in assumptions P^HTT]) . (HU, and f2 as in (|29p with $7 satisfying ([S]) and ^, then by classical 
elliptic regularity theory and a Brezis-Kato type iteration [3], we have that w G ^[^'^($7) for 
all 1 < p < oo. In particular w S H^^^{D,) n C[^o'"(f7) for all a € (0,1). Using a local C^- 
parametrization of the boundary away from the origin (see assumption ^) and classical regularity 
results for elliptic equations with homogeneous boundary conditions on half-spaces, we can deduce 
that w G Ci^o"(%. \ {0}) n H'^i^R \ '^r) for all r G (0, R). 
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Proposition 5.7. Let N ^ i, A,hJ,h as in ^MMW with A,h,^>,f,h,V as in fMfTTP , ![¥l\) . 
and let Q as in \29\) with i7 satisfying ^ and ^^. If w E iJ^(r2)\{0} is a weak solution to \3^/^ , 
then for a.e. r G (0,-R) 



■{Av-i'){Ay-i')da 



(87) . / {Ayn,.Vu.)da-2r f \^^^^^^ da ^ f ^^ 



{divf3)AVwV'wdy-2 / {Jacf3){AVw)-Vwdy 



{dAVw)Vw-(3dy- / 2{I3 ■Vw){h ■Vw)dy 



w^{y) dy + r 



Viy/\y\) div/3 - 2V{y/\y\) + \y\-^f3 ■ Wsr^-.Viy/\y\) 



viy/\y\) 
5„ \y\' 



da 



+ 2 {f3- Vw)hw dy~2 i^yF{y, w) ■ f3 + F{y, w) div f3) dy + 2r / F{y, w) da, 



My)v 



where I3{y) := -^• 

Proof. By Remark [5Jl w € H^^^{VL^) n C^(f7j5 \ {0}) and hence for all r e (0, R) the following 
Rellich-Necas identity 



(88) div ((AVw • Vw)/3 - 2(/3 • Vu;)AVw) = (div/3)^Vw • Vw - 2(Jac/3)(^Vw) • Vw 

+ (dAVw)Vu; • /3 - 2(/3 • Vw)(b • Vw) 

+ 2 ^y(2 (/3 ■ Vu;)w + 2(/3 • Vw)/iw + 2(/3 • Vw)f{y, w) 
is satisfied in a weak sense in fls \ Q^r- By f|41p and Hardy inequality, we have 



/'[/ 

Jo us 



Vw{y)[' 



w'^iy) 



+ \F{y,w{y))\] da 



ds 



\7w{y)f 



w^{y) 



\F{y,w{y))\ ] dy<+oo 



and hence there exists a decreasing sequence {(5„} C (0, R) such that lim„_^+oo 5n = and 



(89) 



Sn 



|Vu;(2/)p + ^ + |F(y,^(y))| ) da ^ as n ^ +. 



Let r G (0, i?). Integrating (|55|) in fir \ ils„ and taking into account Remark 15.61 we obtain 



(90) / {AVw ■ Vw)(3 ■vda-2 (/3 • Vw) AVw ■ v da 



{AVw-Vw)l3-vda 



Ss„ 



2 1 {(3- Vw) AVw ■vda+ I (AVw • Vu;)/3 -vda -2 I {f3 ■ Vw) AVw • i> da 

(div/3)AVw- Vwdj/-2 / (Jac/3)(AVw) • Vwdy 



{dA\/w)Vw-(3dy- / 2(/3 • Vw)(b • Vw) dy 

^(2//|y|) 



Or\n5„ |yr 



-(/3- Vw)wdy + 2 



{f3-Vw)hwdy + 2 



^A^s,, 



{I3-Vw)f{y,w)dy 



^rXfls,, 
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with V as in ([5^ and v as in (|15)) . Since /3 • y = |j/p, integration by parts yields 

(91) / ^M)(;3.v.).dy 

1 /■ y(;//|;/|) div/3 - 2Viy/\y\) + |y|-i/3 ■ Vg»-.l^(y/|^|) ^, ^^ 



2 Jn^\ns^ \y 



^ f ^(y/iyi)^..2rf^_^ / ^(y/i2/i) .^.2^^ 



2 Js. |2/P 2 ^ |y| 



and 



(92) / if3-Vw)fiy,w)dy^- {VyF{y,w) ■ (3 + F{y,w)dW (3) dy 



+ r F{y,w)da-6n F{y,w)da. 

J Sr -J Ss„ 



By definition of f3 

(93) /3 • V«7 == -IVw • 1/ onSr- 

Since w = on Tr 

(94) Vw = ±|Vw|;> a.e. onTr 
Taking into account (PTHM)) . ([TO]) becomes 

(95) r / (IVw • Vw) dcr - 2r / J "^ ' '^^ dcr - (5„ / {AVw ■ Ww) da 

+ 2Sn -da- -{Av-v){Ay ■v)da 



/ {divj3)AWw-Vwdy-2 (Jac/3)(AVw) • Vwdy 

+ 1 {dA\/w)\7w-l3dy- I 2(/3 • Vw)(b • Vw) dy 



Viy/\y\) div/3 - 2V{y/\y\) + |;/|-i/3 • Vs«-i^(y/ 1 2/1) ^^.2 ^^^ ^^ 

_,,[ VMM^^da^sJ WMl^^da + 2l if3-Vw)hwdy 

JSr \y\ Jss^ \y\ Jnr.\ns„ 

- 2 / i^yFiy, w)-(3 + F{y, w) div /3) dy + 2r f F{y, w) da - 26,, f F{y, w) da. 

Jnr\ns„ JSr- JSs^ 

Letting n ^- 00 in (|M|) and using ([M)) . Lemma [521 and ([551) . we obtain tliat 

/ -^ ^(74i^-z/)(Ay •i/)d<T < +00 

Jrr M 

and dSZl) holds. D 



Lemma 5.8. //q is as in 1186]) . the function 

ff(0 : 



T 9 



!sr \^fda 



(^J^y)P*dy)"" 
is weZ/ defined and satisfies 

g £ L (0,ro) and g ^ a.e. in (0, ro). 
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Furthermore 

(96) /^ I^P'da^ (^)'^||^||i:/;:^^,C-^5M.--^(i?M + ^i?w) 
for a.e. r € (0,ro) and 

(97) ^'3(5)^5 ^iV||«;|lf/.^^^^^r^ 

/or all r G (0,ro). 

Proof. From Lemma [531 /j^ |w(j/)P dy > for any r e (0,ro) and 5 is well defined in (0,ro). 



Let us denote /3 = 2—— > 0. By a direct calculation, we have that 



(98) g{r) = 



'^Llwfda 



[In, \w{yWdy 

= N 



l-ir 



|:(r^(^J^«(y)l''d2/) ^-^r-'+^il \w{y)fdy^ 
in the distributional sense and for a.e. r G (0,ro). Since 

J^J^ij \w{y)fdii\ =0 and (j \w{y)fdy\ =0(1) 

as r — > 0+, we have that g £ L^{0, ro). Furthermore, (^7)) follows from integration of 
To prove ([M]) we observe that, by Holder inequality. Proposition 14. 11 and Lemma [531 

\ '"V / f \n / f 

|2 J„, \ _ I / L,,/'„,m2* J , \ ( / L,,/„,m2* 



w{y)\' dy] = / |i.(2/)|^ ^?/ / Hy)\ dy 

^ (^f ll-llS(o.„)^"V^---(z.(.) + ^Hir) 
for all r G (0, tq), thus implying ([M|) . D 

Lemma 5.9. The function D defined in jy^j ) belongs to W ^'^^{0,rQ) and 

(99) i:>'(r) = S(r) + -^ f hVw wda + o(r-^+^ + r-^+^^'^ + gir)) (D{r) + ^H{r)) 
as r ^ 0^, in a distributional sense and for a.e. r G (0,ro), where 

(100) Bir) := ^ / ^^^^il^^ .a + ^ / ^^(I. • .)(!, • .) d. 



anii To is as in Lemma \5.5\ 

Proof. By (|57)) and Lemmas [531 and [Ol we have that 

(101) / {AVwVw)da~ f ^^^^^w^da 

JSr Jsr \y\ 



:2 / J ^-da+- J ^(^i>-£>)(Ay-i>)dcr 



2 



/ hyF{y, w)-y + NF{y, w)) dy + 2 [ F{y, w) da 
0{r-^^^)( j AVwVwdy+ I ^^y^ dy + j {\w\^ + \wf^dy 
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From ([711) and (jTUTj) wc obtain 



(102) D'{r)=--j:^^ {A\Jw\/w + h-Vww ^^\w\^ - h\w\^ ~ J{y,w{y))w\dy 

J \lj- \ I i/ I / 

Iff- ~ ^(fi) ~ ~ \ 

+ ^^Y^i / ( ^Vw • Vw + b • Vw w r^\w? - h\w\^ - f{y, w{y))w j da 

= B{r) + -^ I ({N - 2)}{y, w{y))w - 2VyF{y, w) ■ y - 2NF{y, «;)) dy 



IS,. 



b • Vw w — h\w'\^ — f{y, w{y))w + 2F{y, w) ) da 



+ 0{t'-''+')(J AVwVwdy + J ^Y^ + J (|H' + hr)V 
From (HI]), Holder inequality, Proposition UTTJ and Lemma [5751 (it), we have that, for all r e (0,ro), 



(103) 



' 'iN~2)fiy,wiy))w-2VyFiy,w)-y-2NF{y,w)\dy 



„N-1 , 

^ Jn 



2NC~ r 
^^vrf/ {w\y) + \w{:y)f)dy 

< ^^--^ ((^)*v + (^)'*^ii»iir.a..,) (^w + ^^c) 

On the other hand, from (|35|), Lemma [53] (i), ([75]) . ([IT]) . ([M]) . we can estimate 

(104) ^ ^ (^/ikP + /(y, «^(y))^'^ - 2Fiy, w)^ da = 0{gir) + 7--'+') (^Dir) + ^^Hir)^ . 

In view of ([T03| . ([T04]) . and estimate (w) in Lemma [531 ([T02]) yields ([99]). D 



Lemma 5.10. Lei I? and H be the functions defined in l[7S^\73\ l, tq be as in Lemma 15.51 and 
denote 

(105) S := {r e (0,ro) : D'{r)H{r) sC iJ'(r)D(r)}. 

If T, ^ ^ and is a limit point of S, then 

D'{r) = B(r) + O (r-^+^ + r-^+^^^ + g{r)\ (D{r) + ^^^^(^)) 

as r — > 0+, r € E. 

Proof. From ([ST]), ([TTJID]), ([SHHH]), Lemma[n3](i), and ([73]) wc have that 

-^1^ {AVwVw)da = rB{r)+0{r-^+^)(^j^ [\V u,{y)\^ + ^^ dy + \\w\\l.. ^,,^)j 

+ 0{l)H{r)+0{r~^+^) [ \wf da 



which, in view of Lemma 15.51 and (j96|) , implies 



If- f N -2 

(106) ^v33 / (^Vw Vu;)dcr = rB(r) +0(l + rg(r))l i:>(r) + — — i?(r) 
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as r ^- 0+. From ([M]) . Schwarz inequality, Lemma [23] («), ((75)) . ([55]) . and (|106[) . we have that 

(107) ^1^ b.Vu;u;da = 0(r-i+*)(^^^ |V^pda) /ff^ 

= 0{r-^+^)^rB{r)H{r) + 0(r'i+* + .g(r)) (^Z?(r) + ^^^i/Cr)") 
as r ^ 0+. From Lemma [5.91 and (|107p . it follows that 
B{r) = D'{r) - -^ f h-Vwwda + O (r-^+^ + r-i+^^^ + g{r)\ ( ^(r) + ^^^-^H{ryj 

= D'{r) + 0{r-^+^)^rB{r)H{r) + o(^r-^+^ + r-^+^^^ + g(r)) (D{r) + ^^^—^H{r)) 

^ D'{r) + ^ + 0(r-^+' + r-i+''^ + .g(r)) ("z^lr) + ^i^(o) 
thus yielding 

/ III II 2(<,-2*) \ / N — 2 \ 

(108) B(r) s; 2i:>'(r) + 0(r~^+^ + r'^+^^r- + g(r)] f D{r) + -——H{r) \ 

as r -> 0+. From ([TU5| . (|55|) . and the fact that D' H < i/'I? a.e. in S, we deduce that, as r -> 0+, 

re S, 

rB{r)H{r) sC 2rH'{r)D{r) + o(r^ + r^^^^ + r5(r)') ( D(r) + ~ H{rU 

= 2rD{r) (-D{r) + Hir)0{r-^+^)\ + o(/ + r^^^ + rgir)) (^(r) + ^^^-l^H(r) j 

n j; / I 2(g-2*) \ / N — 2 \ 

= 4D^{r) + 0{r^)D{r)H{r) + 0\r'^ + r^^T- + rg(r)j I D{r) + -^-—H{r) \ 

( N -0 \^ 

= 0{l + rgir))i^D{r) + ^^Hir)j 

which implies 

(109) ^rB{r)H{r) = 0(l + rg(r)) ( L»(r) + — ^i7(r)j as r ^ 0+, r G S. 

Combining (jl07p and (|109p . we obtain 

If— / A^ — 2\ 

^^-^ / b- VwwdCT = C'(r-i+*+5(r))( D(r) + ^^— iJ(r) j as r ^ 0+, r e E 

which, together with Lemma 15^ yields the conclusion. D 

In view of Lemma 15.51 the Almgren type frequency function 

D{r) 



(110) N{r) 



H{r) 



is well defined in (0,ro). Furthermore, by Lemmas 15.31 and 15.91 J\f G T^io'c (Oi^'o)- The following 
lemma provides the existence of a finite limit of A/'(r) as r ^- O"*". 



Lemma 5.11. Let M : (0,ro) — > M &e defined in M1(J\) . Then the limit 

7 := lim M{r) 

r-i.O+ 

exists, is finite and 

, , N-2 
(111) 7^ 7^- 
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Proof. By Lemma [S31 

(112) 



N -2 
■^i^) > o — for all r e (0,ro). 



If the set E defined in (|105l) is empty or if is not a limit point of E, then Af'{r) ^ in a right 
neighborhood of and hence M is nondecreasing near and admits a limit as r — > 0"'' which is 
necessarily finite in view of (|112p . If E 7^ and is a limit point of E, then from Lemma TS-lOi 
(IH3, and (Unni), we have that 

D'{r)H{r) - H'{r)D{r) 



(113) N'{t) 



Bir)Hir) H' i^r) ( r_^, ^^^ ^ ^^^^^^,^ 



m{r) m{r)\2 



0[r 



-1+5 



-1+ 



2(.;-2*) 



" +.9(»') A/'(r) + 



iV-2 



ih 



o / /' \AV'w-y\ J 

2^' \s^- — r^'^^'iKJs 



( /s. ^^w^'da^ + ( /g_ ^iw'^da) ( /^ 



\Vw\^{Av-v){Ay-i/) 



da 



Jg ^w'^da 



r{H'{r)f ^H'{r)^,^, 



2 m{r) H{ 

as r — > 0+, r G E. In view of ([M]). there holds 

\2 

iH'ir)r = -^i I {AVwiy)wda{y) 



^0(/) + 0{r-'+' + r-i+''^ + g{r)) U{r) + ^) 



which yields 
(114) 



+ ij2(r)0(r-2+2<5) + 2H{r)0{r-^+^){H'{r) - H{r)0{r-^+^)) 



[H'{r)f _^{!sM'^^-^)^da{y))' ^ ^^^_^^^^^ ^ ^'W^. -1+., 



/g ^w'^da 



m(r) 

Moreover (|85p implies 

(115) 

From (fTT3)) . (fTT4| . and (|TT5l) . it follows that 



0(r 



H{t) 



■0{r-'+'). 



H[r) r 



(116) Af'{r) 



JTr fJ. 



Jg ^iw^da 



2r 



( k ^^ da) ( /,^ M^^rfa) - ( /,^ (AV^ . .)w da{y)f 



Jg iiw'^da 



H{r) 

\Ww\^(AV-u)(Ayu) ^^ 2r 



-l+S 



-1 + 



2(g-2*) 



' +ff(r) AA(r) + 



A^-2 



/s. ^^^ ^^ /5„ MU^'rf^ - SsM"^^ ■ ^)^ da{y) 



L ^J'W^da 



Jg fiw^da 



2(<;-2*) 



+ 0{r-'+') + Oi^r-'+' + r-'+^^- + .g(r)j \N{r) + 
as r — > 0+, r G E. From ()116p . Lemma [121 and Schwarz inequality, it follows that 

2(9-2*) 



iV-2 



N'{r) ^0[r-^+' +r 



-i+- 



+ ff(r))(^AA(r) + |) 
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as r -> 0+, r e S. Since M'{r) ^ a.e. in (0, tq) \ E, the above inequality is trivially satisfied as 
r -^ 0+, r e (0, J'o) \ S- Hence there exists some ri S (0, tq) and ci > such that 

(117) Uf + ^\ (r) ^ -ci U[{r) + I") (r-i+^" + ^-1+'^^ + g(r) 
for a.e. r G (0,ri). After integration over (?', J'l) it follows that 

for any r G (0, ri), thus proving that there exists C2 > such that 

(118) M{r) =^ C2 for aU r G (0, ri). 

Estimates (fTTT)) . (fTTS)) . and the fact that r ^ r^^+s + r^^+' %' + g(r) e Li(0,ri) imply that 
N' is the sum of a nonnegative function and of a L^-function on (0,ri). Therefore 

M{r)=M{ri)- I ' M'{s)ds 

admits a limit as r -^ 0+ which is necessarily finite in view of pisp and (|112l) . D 

Lemma 5.12. There exists ri g (0,ro) and A'l > such that 

(119) H{r)!^Kir^"' for all r e {0,ri) 
and 

(120) H{2r)i^KiH{r) for all r e {0,ri/2). 

Furthermore, for any a > there exists a constant A'2(cr) > depending on a such that 

(121) H{r) ^ /\2(ct) r^T^'^ for all r G (0, ri). 

Proof. By (|112|1 . (jllSp . and Lemma [5.111 there exists ri G (0,ro) such that A/" is bounded in 
(0,ri) and A/"' G L^{0,ri). Then from dS?]) and (|TT7)) it follows that 

(122) Af{r) - 7 = / AA'(s) rfs ^ -C3/ 
for some constant C3 > and all r G (0, ri), where 

(123) S = min<S,^^^^ 
Therefore by ^E^ and P^ we deduce that, for r G (0, ri), 

|M ^ 'l^^l + o(,-i+^-) ^ ^ _ 2c3r-i+^^ + 0(r-i+^) as r ^ 0+, 
H[r) r r 

which, after integration over the interval (r, ri) and up to shrinking ri, yields (J119p . On the other 
hand, from boundedness of A/" in (0, ri), we have that 

EM. = 2AA(r) ^ Q. -1+5. ^ const ^ 
iJ(r) r ^ r ' 

which, for all r G (0,ri/2), after integration over the interval (r, 2r) yields 

, H{2r) , ^ 

^og u/ N < const log 2 

thus proving (jl20p . 

Let us prove (fTn|) . Since 7 = hmr^o+ A/'(r) and -^^ - ^^^ = 0(r-^+''), for any cr > there 
exists Tct > such that Af{r) < 7 + cr/4 and -jj& ;:^ ^ ^ for any r G (0, r„) and hence 

|^<^^^ forall.G(0,..). 
H[r) r 

Integrating over the interval (r, r^) and by continuity of H outside 0, we obtain (|121l) for some 
constant K2{a) depending on cr. D 
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5.2. The case N ~ 2. The two-dimensional version of Lemma 15.51 we are going to prove in 
Lemma 15.141 requires the foUowing Sobolev type inequahty with boundary terms. 

Proposition 5.13. Let N ^ 2 and let p€ [1, oo) with p s$ 2* = 2N/{N - 2) if N ^ 5. Then there 
exists a constant C{N,p) > depending only on N and p such that for all r > 



(124) Ml.^B,^^ ^C{N,p)r^ 



■+2-N 



\yv{x)\^dx + - v^{x)da] for all v e H'{Br) 



Proof. The proof in the case r = 1 follows from the classical Sobolev inequality and the fact 
that the square root of the right hand side of (|124p is a norm equivalent to the standard norm of 
H^{Bi). The proof in the case of a general r > follows by scaling. D 

In the rest of this subsection, we assume N = 2. 

Lemma 5.14. Let N = 2 and let p > 2 as in jlT^ . Then for every £ > there exist r^ G (0,-R) 
and a constant C^ = C'e{£,p, A,h, f,h,w) > depending on e, p, A, b, /, h, w such that, for all 
re {0,fe), 



{i) fi{y) > 1/2 for all y e Br 



Vw{y)\^dy 



w^da 



Lp(f2^) h 



{ii) D{r)+eH{r)^C 

(m) H{r) > 0, 

where D and H are defined in \l'l^ and |75| ). 

Proof. The positivity of /i near follows from its definition. By (j42p . Holder inequality, and 
ProDOsition l5.13l we have 



(125) 



HyWiy)dy 



^0(1) I \y 



-2+(5„,,2 



^ 0(1) 1 1^ \y\ 



4-5 



'dy 



4,-S 



W[ 



2{4-S) 



0{r') 



as r — >■ 0+. Similarly by ([M|. Holder inequality, and (|125|) we also have 



w {y)dy 



\Vw{y)\'^dy+ - / w^da 



(126) 



b(j/) -Vwiy) w{y)dy 



< 



\Vw{y)\^dy 



1/2 



-2+25„,,2/ 



\y\ -■-'w\y)dy 



Oir^)[ I \Vw{y)\^dy+- I w'da 



1/2 



(127) 



0+. Finally by (|4T|) and Proposition 15 . 131 we have 



f{y,w{y))w{y)dy 



^Cf {w\y) + \w{y)\ndy 



^0{7 



\\Iw{y)\^dy + - I w'^da 



as r — > 0+. Inequality (ii) follows from (|125m27|) . Inequality (ii) implies (iii) by proceeding like in 
the proof of Lemma 15.51 D 

In view of the previous lemma, we can define the Almgren type frequency function M as in 
the previous subsection, see (jllOp . We now sketch the proof of the existence of a finite limit of 
A/" as r — >■ 0"*" in dimension N = 2. To this aim, we first notice that, under assumption (|14p . 
the Pohozaev-type identity ([57)1 proved for A^ ^ 3 admits the following extension to the two- 
dimensional case. 



Proposition 5.15. Let N ^ 2 and let A,h,f,h be as in !i23H26]) with A,h,'i>, f,h,V as in as- 
sumptions ifTOtfTTp , ([HP,, and let h as in (2^ with il satisfying (0j and ^[5\). If w E H^{h) \ {0} 
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is a weak solution to |5'7[ ), then for a.e. r G (0, R) 

(128) r / {AVw-Vw)da-2r f 1^^^ ' '^l' ^^ _ /" lZ!f!L(l,> . ,>)(Iy . j>) rf^ 
= / {divj3)AWw-Wwdy-2 (J a.c f3){AWw) -Wwdy 
+ I {dA\/w)\7w-l3dy- I 2{l3-\/w){h-\/w)dy 

+ 2 {/3-\'w)hwdy-2 {VyFiy, w) ■ f3 + F{y,w) div /3) dy + 2r F{y,w)da. 

Proof. It is enough to follow the proof of Proposition 15 . 71 recalling that T^ = for A^ = 2. D 
The next lemma provides an upper bound for a nonlinear boundary term. 

Lemma 5.16. Under the same assumptions of Provosition [5.151 let ri G (0,i?) as in Lemma \5.14\ 
with £ = 1. Let 

9[r) ■■= -J+T- 



(/aJ«^(y)Nj/ 

Then g g L^(0,fi) and g ^ a.e. in (0, fi). Furthermore 



2p 



p-2 



(129) / \w\Pda ^( f \w{y)\Pdy) '" C, 'gir)(^Dir) + H{r)) 

^ St \ ^ Of. / 

for a.e. r G (0, f\). Moreover for any q > p and all r £ (0, fi), we have 

/"",,, 2n (g-p){p-2) (q-p)(p-2) Pzzl 

(130) / g{s)ds^—i^7T ^.. r .. Iklli^fa, )• 
JO P ^ ^ ^ 

Proof. We have 

fa \w\Pda d f 2v f f \^ 

in the distributional sense and for a.e. r e (0,ri) and this clearly implies that g e _L^(0,fi). 
Furthermore. (|130p follows from integration of (|13ip and Holder inequality. The proof of (|129p 
follows by Lemma [5.141 and the definition of g. D 



Next we state the two-dimensional version of Lemma 15.91 
Lemma 5.17. The function D defined in {71^ belongs to W^^^ (0, -R). Moreover 

D{r)+H{r)-^0 for all r e {0,fi) 
where fi G (0, R) is as in Lemma \5.14\ with e ~ 1, and 

D'{r) = B{r) + f h- \7wwda + o(r-^+^ + g{r)) (D{r) + H{r)) 

as r — > 0+, in a distributional sense and for a.e. r e (0,fi), where 5 = min{(5, 4/p} and 

B(r):=2 J ^- da + - ^-iAv-v){Ayv)da. 

J St a* ^ Jvt /^ 

Proof. We give here only a sketch of the proof being essentially similar to the proof Lemma [5791 
By ((T28| . ([721). ((T25l) . ([T26)) . ([T27)) . (gH), and Lemma [5J4[ we obtain 



(132) D'{r)^B{r)+ {h ■ \/ww - h\w\^ - f{y,w)w + 2F{y,w))dcr 

Jst 

+ 0{r-'+~^)(^D{r)+Hir)^^ 
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where S ^ min{(5, 4/p}. On the other hand, from (gl]), (|32), Lemma [ETil fz). ((75)) . (|129p . we ean 
estimate 

(133) y (h\w\^ + f{y, w{y))w - 2F(y, w)\ da = 0{g{r) + r-'+') (z?(r) + ff (r)) . 

In view of (|133p . (|132p yields the conclusion. D 

We now give the statement of two-dimensional version of Lemma 15.101 

Lemma 5.18. Let D and H be defined in ^72W7S^ , ri be as in Lemma \5.14\ S as in Lemma \5.17\ 
and denote E := {r e (0,fi) : D'{r)H{r) < H'{r)D{r)]. IfT. ^% andQ is a limit point ofE, then 

D'{r) = B{r) + o{r-^+^ + g{r)\ {D{r) + H{r)) as r ^ 0+, r £ E. 

Proof. The proof follows that of Lemma [5.101 and exploits Lemma [5. 171 D 

If fi is as in Lemma 15.141 (with e = 1), then the function 

(134) AA:(0,fi)^M, M{t)^^ 

H(r) 

is well defined. 

Lemma 5.19. Let M : (0,ri) — > R &e defined in [W^. Then the limit 7 := lmij.^o+ J^i^) exists, 
is finite and 

(135) 7^0. 

Proof. By Lemma [Ol and Lemma [5.171 we have that J\f £ W^ioc (0,ri) and J\f{r) ^ —1 for all 
7' G (0,fi). As explained in the proof of Lemma [5.111 it is not restrictive to assume that E ^ 
and that is a limit point of E since otherwise the convergence oi Af as r -^ O'^ is immediate. 
Therefore by Lemma 15.181 and (|85p we obtain 

(^3,) .,^^^ H^s. ^^ da){j,^ ,n.^da) + (/,^ ,.^da){j,^ ^...q^.^A..^ ,,) 

[^Jg^fiw^daj 

as r — >■ 0+, r G E. Proceeding as in the proof of Lemma IS.lll we arrive to 



U'{r) ^ 0(r-^+"^ + .g(r)) (N{r) + ^ . 



By Lemma 15.161 and integration it follows that M is bounded also from above and, in turn, that 
M' is the sum of a nonnegative function and of a L^-integrable function in a neighborhood of 0. 
Therefore M has a limit as r ^^ 0+. Finally, (|135p follows immediately from Lemma [5.141 (11). D 

We conclude this subsection with the following estimates on the function H . 

Lemma 5.20. There exists ri e (0,?^i) and Ki > such that 

(137) H{r)^Kir^^ for all r e {0,ri) 
and 

(138) H{2r) ^ KiH{r) for all r G (0,ri/2). 

On the other hand for any cr > there exists a constant K2{<j) > depending on a such that 

(139) H{r) ^ K2{a) r'^'^^^ for all r G (0, ri). 

Proof. It follows by Lemma [5.19l bv proceeding exactly as in the proof of Lemma [5. 121 D 
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6. The blow-up argument 



Throughout this section, we let A, b, /, h be as in (J23I426)) with A, b, '5, /, h, V as in assumptions 
(flOHTTll . ((2T|) . Let h be as in ^ with n satisfying ^ and dSHB]). Let w e H^{h) \ {0} be a 
non-trivial weak solution to p7p . 

Lemma 6.1. Lei 7 6e as m Lemmas \5.11l \5.19\ respectively for N ^ 3 and N ^ 2. Then 

(i) there exists ko € N such that 7 = -^f^ + y {^^f + fJ-koiV); 

(ii) for every sequence A„ — ^ 0"*" there exists a subsequence A„^ and tp G Hq{C) C i7^(§^~^) 
eigenfunction of the operator Cy = — Agjv-i — V associated to the eigenvalue /-ifeo(V^) such 
that |lV'llL2(siv-i\ = 1 and 



weakly in H^(Bi), strongly in Ci^"{C fl Bi) and in C^^^^Bi \ {0}) for any a G (0,1), 
strongly in H^(Br) for all r S (0,1), and strongly in L^(dBi), where w is meant to be 
trivially extended outside fl. 



Proof. Let us set 

(140) w'^ix) 



^, , w{Xx) 



VHW 
We notice that 

(141) / fi{Xe){w^{e)fda = l 

where C\ is defined in (HSI) . If A^ ^ 3, by Lemma [5. 5 1 we have that, for all A e (0,ro), 

(M2) (^(A) + ^) » ^^4^ l^ (|V»(.,P + !^) .. 



Similarly, if A^ = 2, by Lemma [5 .141 we have that, for all A e (0, fi), 
(143) (AA(A) + 1)>-^^^ \ywix)\^dx + ^J^ w'^ 



= Ci / |Vw-'(x)rdx-l- / (u'^)^d(T 

Vj^a/A JCa 

From (|118p . Lemma FS-lOi (|142p . and (|143p . we deduce that the trivial extension 

w>^(x)^h^^'^^' ifxe^A/A, 

\0, iixeBi\nx/X, 

is bounded in H^{Bi) uniformly with respect to A G (0,^1) with ri as in Lemmas 15.121 and 15.201 
Therefore, for any given sequence A„ — > 0+, there exists a subsequence A„j^ — > 0+ such that 
^A„j. ^ ~ TffQQ^^iy [j^ H^{Bi) and a.e. in Bi for some w G H^{Bi). Due to compactness of the 
trace embedding H^{Bi) ^->- L^{dBi), we obtain that u)^"*: — >■ w in L^{dBi) and consequently 
from (|14ip J„^ |{t;p(icr = 1. In particular w ^ 0. Moreover w = a.e. in Bi \C where C is defined 

in ([8]), as it easily follows from the definition of w^, a.e. convergence of w^"'' — ?> w and the fact 
(144) for every x G Bi\C there exists Aa; > such that, for all A G (0, A^;), x ^ fl\/X- 

To prove (|144p . it is enough to observe that if a; = (x', xn) G Bi \C, then xn < fo{x') and hence 
from ((33)) Axat < |a;'|^(Ax'/|x'|) for A sufficiently small. From ([32]). we deduce that Aa;/|a;'| ^ r2 
for A small which in particular yields x ^Vlx/X for A small. This proves claim (jl44|) . 
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By scaling of equation ([57)1 . we have that w^ weakly solves 



(145) 



- div(^(Aa;)Vu;^(x)) + Ab(Aa;) • Ww^{x) lMlu;^(a;) 



X^hiXx)w\x) + ^=y/(Ax-, y^iXJiv^x)), in n^/X, 



w^=0, ond{nx/X)nBi. 

In order to pass to the limit in (jl45p . we observe that 

(146) if C e C^{C n Bi) then ^ e C^{nx/X) for sufficiently small A. 

Indeed, let us consider ^ S C^{C n i?i) and denote K = supp ^. Since K is compact, we have that 

T = min {xn ~ Vo{x')) > 0. 

(x',xjv)Sif 



5Af-2 



From ((33)) . there exists io such that 
^(ii/) 



i 



(7(1^) < T for all t G (0, to) and for all u e 



Then for all AG (0,to) and (x',XAr) G K we have that 

/ , , ipiX\x'\jfA\ 
XxN - (p{Xx') = X{xN - ipo{x')) + X\x'\ ( g{x'/\x'\) -— j > 

and hence, by ([5^ . K C f^^/A for all A G (0,io), thus proving claim (|146p . Hence we can test 
equation ([Ti5)) with every CeC^{CnBi). From §Eil we have that 



(147) 

From ^ and (|i^ 



f^A„^/A„, 



A(A„^x-)VM;^"'=(a;) • V^(x)da; = / Vw{x) -V^ix) dx + o{l) as fc ^ +00. 

cnSi 



(148) A„, / b(A„,a;) • Vw^"" ix)^{x) dx ~ Xl^ / /i(A„,x)u;^"'^ (a;)C(a;) dx = o(l) 



as fc — ?► +00. From (|4T|) and Holder and Sobolev inequalities, we have that, denoting p = 2* if 
N ^3 and p^p with p as in dTT]) if iV = 2, 



(149) 



X2 



/ff(A;j 



A„ 



/(A„;,a;, ViJ(A„Ju;^"'' (a;))C(a;) dx 



«;C;A^^ / \w^->^ixmix)\dx + CjXi^ I \w{Xr.,x)r-'\w^">^{xmix)\dx 

«; C;A,2,J|^'"Hli/MB0llel|HMS:) +C/A'/+'^||l?5^"HlLP(i3i)IICIlLP(i30ll^"ll&^^^^^ 

as A; -)• +CXO. Testing equation ([Ti5]) with ^ G C^{C OBi), letting fc -^ +00, and using dUTHHSl), 
we obtain that w is a weak solution to 



(150) 



For A G (0, ri) we define 



—Aw ; — p^"^ = 0) in C n Bi, 

w = 0, ondCnBi. 



*A : {{y',yN) e K^-^ x M : \y'\ ^ 1} ^ {(y',?/w) e K~-i X M : jj/'j sC 1} 



as 



*A(y',2/Ar) := 2/',2/Ar + 



^(Ay') 
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We notice that ^a is invertible and ^^ {x',xn) := [x',xn ~ \ )■ Let us fix r e (0,1), 
si,S2, pi, p2,Rii R2 such that < i?i < pi < si < r < S2 < p2 < -R2 < 1, and denote 



^Ri..R2 := {{y\yN) e M^-^ x (0,+oo) : i?i <^\y'\^ + {yN + My'W<R2}, 

AuP. ■■= {{v'.vn) e K"^"' X (0, +00) : pi < VlyT + (yiv + <^o(y'))' < P2}. 

Using (p3| it is easy to verify that there exist Aq € (0, ri) and cq > such that for all A G (0, Aq) 

I*a(2/)| ^ Co for every y e ^iii.fla 
and 

(151) {{y',yN) e M^-i x (0,+oo) : ^j\y'\^ + (y^ + A-V(A2/'))' = ^} 

[{y',yN) e K^^"' x (0,+oo) : s^ < ^J\y'\^ + (^y^ + A-i(^(Ay'))' < S2} C Ap.^p, 

C ^fl„H, C [{y',yN) e M^-i x (0,+(X3) : ^J\y'\^ + (zjjv + A-V(Ay'))' < l} 



c 



namely 

(152) 



*; 



l^^A 



if^X 



-^ n as. c *-M -± n (B,,, \ B.J c Ap.^p, c ^fl,,«, c M/-M -± 



l^^A 



for all A e (0, Ao). From (|145|) and (|152p . the functions v^{y) := u;^(*;^(y)) satisfy 
- div{A^{y)Wv^{y)) + b^(y) • Wv^y) - ^^j^^v^iy) 



h^{y)v^{y) + f\y,v^{y)), 



for all A e (0, Ao), where 



in Ar^^r^, 

on OAr.^r^ n {(y', y^v) : yN = 0}, 



A^(y) = (Jac ^xiy)r'AiX^xiym.Jac ^xiy)f)-\ h\y) - Ab(Avl/A(y))((Jac ^xiy)fr\ 



f\y,s) 



--Hx^xiy), VH{X)s), h\y) = \^ h{X^> x{y)) . 



From ([55]) ||A'^||vi/i,=o(^^ ^ ) is bounded uniformly with respect to A € (0, Ao). From ([55)) and (|^ 
l|t)'^|JL°o(_4^ ^ ), ||/i-^||ioo(^j^ j^^) are bounded uniformly with respect to A g (0, Aq). From (|1T|) . 
Lemmas 15.121 and 15.201 (jlll|) . and (|135p . we have that, denoting again p — 2*ifA^^3 and p = p 
with p as in ^ ]i N = 2, 



(153) 



f\y,v\y)) 



v^{y) 



< CfX^il + |i7(A)|(P-2)/2|^A(y)|p-2 



^ const 



^t (a^ + A(P-2)(?^+^V^y)r"') «; const (1 + \v^{y)\P~^) . 



Hence, if we define s = q/{p — 2) > N/2 with q as in Proposition 14.11 if A^ ^ 3 and g > p — 2 if 
N = 2, then by ([55)1 and two changes of variables, we obtain 



f^iy,v^iy)) 



v^{y) 



< const 



i°('4Hj.H2) 



^ const 



^ const 



l + X^\H{\)\- 



l + X'\HiX)\- 



1 + X' 



1/. 



\v\y)\ 



{p-2)s 



dy 



H1.H2 



\w^{x)\'^\dct3'AC^^\x)\dx 



l/s 



\w{x)\'^dx 



l/s 



= 0(1) as A ^ 0^ 
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Furthermore, up to shrinking Xq, it is easy to verify that {w'^}ag(o,Ao) is bounded in H^{Arj^^r2) 
uniformly with respect to A and that 

inf inf ^^|P>0. 

Therefore, using classical iterative estimates of Brezis-Kato [3] type (see also Proposition 14. ip . 
standard bootstrap, elliptic regularity theory, (jl52p . (jl53p . we first deduce that 

(154) {«^}ag(o.Ao) is bounded in C^'^iAp^^p^) uniformly with respect to A for all a <E (0, 1). 
From (jl54p and local Lipschitz continuity of (p, it follows that, for all x,z E 'i'xiAp-^.p^), 

\w\x) w\z)\ = \v\^-\x)) - v\^^Hz))\ ^ ||z;^||co,»(^,^,^^)|*^i(x) - ^^^zT 

u An A , l^(Ax')-^(Az')|\" 

s^ const ||?/i|co,o(^^^_^j|a;-z|", 
while from (|154p and ([55)) we deduce 

\Vw^{x) ~ Vw^{z)\ ^ I {Vv^i^i-^x)) - Vv^i'i'-^z))) Jac*^i(a;)| 
+ |Vu^(*^^(z))(Jac*-i(x)- Jac*^i(z))| 

^ const {\\yv^\\co.^iA,,,,J^x'{^) - n\^T + \\^v^\\L^iA,,,,jy^iXx') - V^(Az')l) 
^ const |a; — z|". 

In particular, the above estimates yield that ||w'*'||pi.c,(-^^(-_^ \\ is bounded uniformly with respect 
to A e (0, Aq) for all a G (0, 1), and hence, taking into account (|152p . 

(155) \\w II ^^(n^ .— .\ is bounded uniformly with respect to A e (0, Aq) 

for all a £ (0,1). (|155D implies that ||it''^||co,o(^ \-g ) is bounded uniformly with respect to 
A G (0, Ao), and hence 

(156) {'2'^}ag(o,Ao) is relatively compact in C°'"(Bs2 \ -B^J, 
for all a € (0, 1). From p5T|) and ^55)) it follows that 

(157) {^^'^}Ae(o.Ao) is relatively compact in L^{dBr). 

and consequently, from weak convergence ui "* ^ -u; in H^{Bi) we deduce that for every r S (0, 1) 

(158) Vw^"*" -^ Vw in L^{dBr). 

From (|156p . (|155p . and compact embedding of Holder spaces, reasoning as in the proof of (jl46p . 
we also obtain that for all a G (0,1) 

(159) w^"" ~^wm C°'"(Bi \ {0}) and w^"" ~> w in C^^^iC Bi). 

Testing equation (jl45p with w'^ and integrating over {i}\/X) n Br with r £ (0, 1), we obtain 



(160) / A{Xx)Vw^{x)-Vw^{x)dx + X h{Xx) ■\'w^{x)w^ix)dx 

-P§^\w^{x)\^dx = X'' h{Xx)\w^{x)\^dx 



/(Ax, y/H{X)w^{x))w^{x) dx+ / A{Xx)Vw^{x)-i^{x)w^{x) da{x) 



\/H{X) J(OA/A)nB, J(,n>,/\)ndB, 

From ((38|) and boundedness of {w^}Ae(o,Ao) in H^{Bi) we have that 

(161) f A{Xx)\7w^{x)-\7w^{x)dx= f \\7w^{x)\^ dx + 0{X^) as A ^ 0^ 

J{nx/x)nB^ J{Q.x/x)nB^ 
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From ([23) and (gl]) we have that 

(162) xf h{Xx)-\7w^{x)w^{x)dx = 0{X^) as A ^ 0+ 

J{nx/\)nBr- 

and 

(163) X^ f h{Xx)\w^{x)\^dx = 0{X^) asA^O+. 

J(n^/A))nB,- 

Proceeding as in (|149p we can prove that 

(164) / /(Ax, ^/H{X)w^{x))w^{x) dx = o(l) as A ^ 0+. 
V-H"(A) J{nx/x)nBr 

By (dMHIll, dSi), and p^ . we obtain 

dv 



Vw\x)\^ ~ .!^^|^„A(^)|2^ ^^^ I d^^x ^^ ^ ^(^) 



'(OA/A)nBr \ l-^l / J{nx/\)ndB,^ 

as A — > 0+, so that, along the sequence Xn^, by (jl58p . the strong convergence ■u;'^"fc — >• w in 
L'^{dBr), and (|150p . we obtain for any positive constant C 

hm ( / (\^w^->'{x)\^dx--^^\w^->'{x)Adx 

*^ ^ |w;^"'=(x)|2da(x) 



'' J(n;,„^/A„jnai3, 



--—{x)w{x)da{x)-\ / \w{x)\'^ da{x) 

cndB^ c/t^ r JcndBr- 

as /e — )■ +00 and consequently 



\Vw{x)\^dx- 7^' \w{x)\^dx + - / |w(x)rdcr(x) 



lim f/ f|V(tIJ^"fc -w)(a;)|2da;-^^(^>"fc _iJ)2(a.)^rf2. 

fc^-+°° VA!^A„,/A„,uC)ni3A fI / 

+ - / (zZ?^"fc - 7l5)2(a;)dcr(a-) ) = 0, 

which, in view of Corohary 13.51 with Xr in place of r and through the change of variable y ~ Xx 
yields the strong convergence 

(165) w^"" -^w in H^{Br). 

According to (jl45p we define the functions 

= -^ I (l(A„,y)Vu.^"^(2/)-Vu;^"^(2/) + A„,b(A„,y)-Vw;^"'=(y)«;^"^(y))dy 

-4^ I l^§^\w^-^{y)\''^Xlj^{Xr.,y)\w^-^{y)Ady 



r 



X 



inx„j\„^)nBr \ \y 
1 



r^-V-f^(AnJ 7(OA„^/A„Jni3, 



/(A„,y, /HXA;J«;^"^ iy))w^-'' iy)dy, 



Hk{r) = -4^ I ^iiXn,y)\w^-^ {y){' d<7{y). 



r 



'{^>.„J^nJndBr 

By (J161H165"]) we infer that, for any r e (0, 1), 

(166) Dk{r)^D.s{r) and Hk{r) ^ His{r) 
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as k 



Da{r 



oo where 
1 



r 



N-2 
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\ywiy)\^-^^w^y)] dy and H^r) 



1 



rN-l 



w da. 



iCnBr \ \y\ / '' JcndBr 

By (|150p and (O we have that Hjsir) > for all r € (0, 1). Therefore the function 



(167) 



Afmir) :-- 



for any r G (0, 1) 



is well defined. Moreover by direct computation one verifies that 

Dkir) 



(168) 



Hk{r) 



-m^n.r) 



for all r e (0, 1). By pWITBg)) . Lemmas [5TT] and [5?TO1 letting k -^ +cx), we obtain 

(169) Afs{r) = 7 for all r e (0, 1), 

where 7 is as in Lemmas 15.111 and 15.191 

Proceeding as in Propositions 15.71 and 15.151 Lemmas 15.91 15.171 and 15.41 and taking into account 
that w solves problem (jl50p in the domain C n Si, we deduce that D^,, H.g},Ms & Wio'c (O^ 1) and 



D'dr) = 2r 



2-N 



CndBr 



dl 



dv 



da = 2r 



2-N 



dB^ 



dw 



dv 



da 



HLir)^2r'-'' f ^ Hj da ^ 2r'-'' f ^ w da 

JcndBr- ov Jqb^ ov 



^~{r) = 



2r 



^\'d'y){UB^w'da 



(/^ 



dBr au 



\JdBr- 



'j^da 



for a.e. r E (0, 1). On the other hand, by (|169p . Afm is a constant function thus implying 



dBr- 



dw 



dl 



da]{ I w^da 1 - 

9B, 



dB, 



dw 
dv 



da] =0. 



The above identity shows that the functions ^ and w have the same direction as vectors in 
L^{dBr) and hence there exists a function 77 = r]{r) such that 



(170) 



dw 
dl' 



(r, 0) = r){r)w{r, 6) for a.c. r S (0, 1), 6* £ § 



N-l 



Since necessarily r]{r) = 2h (l) ' ^'^^^ ^ ^ ^locC^' !)• Integration of (|170p yields 



w(r,6') =: e-^'i'' ''('*) ^'*{C(1, 6*) = if(r)%l:(e) for aU r e (0,1), 6 e §^"^ , 

where (p{r) — e^^^^^"^'^^ and ^{0) = w{\,Q). We notice that -^ G Hq{C) and (|150p may be written 
in polar coordinates as 

-^"(r) - ^^^^ v''(^)) ^(^) - ^ UH&) = in (0, 1) X C. 

T ) ?■ 

Taking r fixed we may observe that '0 has to be necessarily an eigenfunction of the operator Cy 
on C C §^^^ with homogeneous Dirichlet boundary conditions. Hence, if we denote by ^fe(,(y) 
the corresponding eigenvalue, it follows that ^ solves the equation 

-^"(r)-^^— ^(^'(r) + ^^^^(^(r) = in (0,1). 
The general solution of the above equation is given by 



ip[r) ^ cir"^a ^ c^r"^^ , Ci,C2e 
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where a. 



N-2 



± 



■ N-2\ 



2 ^ y ^ 2 ) + ^^ko{V)■ We observe that the function |a;|'^'=o-0(||y) ^ H^{Bi) 

and hence C2 = 0. Moreover ip{l) = 1 imphes ci — 1, so that w takes the form w{r, 9) — r ^o^{0Y 
Finahy, inserting this representation of w in Mw and taking into account that 

''"^"^ H.sir) 2H.^{r) JcnOB.w^da ' 

from p69p it follows that 0-^=7. The proof is thereby complete. D 

We now study the behavior of H{X) as A ^- 0+. 
Lemma 6.2. Let 7 as in Lemmas \5.11\ and \5.lS[ Then 

lim X-^'<H{\) 

exists and is finite. 

Proof. In view of (|119p . (|137p . Lemma TS.Sf i) and Lemma F5.14f i). it is sufficient to prove that 
the limit exists. By (|55|) and Lemmas 15.111 ISTTOl we have 

d H{r) 



(171) 



dr r^T 



2^-27-1 (£)(^) _ ^H{r) + H{r)0{r^)) = 2r-'^^-^H{r) ( I Af'{s)ds + 0{r^) 



Let us define the functions 



\\'w\^{AP-iy){Ax-i>) 



Mr) 



da 



Jg iiw^da 



2r 



/. 



|AVtu-i^|' 



Sr 



da]( Jg /iw^dcr] — ( J^ {AS/w ■ i>)w da{y) 



v^{r)-N'{r)-v^{r). 



J„ fiw'^da 



By Lemma l2.6l and Schwartz inequality we have that vi '^ Q. On the other hand from the proofs of 
Lemmas l5.llll5T9ll5.8ll5.16l we infer that the function V2 is L^-integrable in a right neighborhood 
of zero and moreover 



(172) 

where 

(173) 

with p as in (|17p and q as in 
(174) ^(^^) ^W 



V2{s)ds = 0{r^), 



as r 



0^ 



(5 = 



min{5, (q - 2*)/g}, if iV > 3, 
.n^in{j,|,^}, if TV = 2, 



.27 



r.27 



V2{i)dt 1 ds 



\. After integration of (|17ip over the interval (r, ri) we obtain 
I ' 25-27-1^(5) I / ^^(^t)dtj ds+ r 2s-2T-ii/(s) ( f 

+ o( r s-^^'^+^H{s)ds 



From the nonnegativity of 1^1 the limit limr_^o+ /^ ^ 2s ^'^ ^H{s) (/„ vi{t)dt) ds exists. On the 
other hand, by p7^ . pl^)) . (fHT)) 



5-27-1^(5) 



i^2(Oo«t 



^0(l)s- 



V2{:t)dt 



= 0(5-'+") ass^O"* 



which proves that s '^'' ^H{s) (Jg V2{t)dt) is L^-integrable in a right neighborhood of the origin. 
From (fTT9)l and (fT37)) it follows that s-'^'^~^+^H{s) = 0(5-^+*) as s ^ 0+ and hence 3-27-1+^^(5) 
is L^-integrable in a right neighborhood of the origin. We may therefore conclude that all terms in 
the right hand side of p74p admit a limit as r — )■ 0+ thus completing the proof of the lemma. D 
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7. Straightening the domain 
Lemma 7.1. There exists R G (0,i?) such that the function 
(175) E:hnBg^CnB^, 



E{y) =^{y',yN) 



1^ ^ jMy') ~ W )? + '^VNi.My') - W)) 



\v'? + vl 



is invertihle. Furthermore, putting $ = S ^ , we have 

(176) ^ (^c^{cr\B^,nr\B^), <^-^ eC\hnB^,cnB^), 

(177) <PiCr\dBr) = nr\dBr for aUre{0,R), 

(178) $(a:) =x + 0{\x\^+^) and Jac $(a;) = Idyv + Odxl"^) as |2;| -^ 0, 

(179) $-i(y) = y + 0(|2;|i+^) and 3ac^~\y) ^Id^ + 0{\y\^) as \y\ ^ 0, 

(180) detJac$(a;) = l + 0(|x|*) as |x| -^ 0. 

Proof. It follows from the Local Inversion Theorem, (|MH55|) . and direct calculations. D 

Let u £ H^{n) be a weak solution to (fTO)) . so that w ^ uo '^ £ H^{il.) weakly solves p7[) . Then 

(181) v = wo^ = uo^o^ e HHcnB£i 
is a weak solution to 

r . . i^(A) 

(182) J ~ div(yl(a;)Vw(a;)) + b(a;) • Vv^x) - -Jj^^W = /i(a;)w(x) + f{x, v{x)), in C n B^, 
[v = 0, ondCnBf^, 

where 

A{x) = |det Jac$(x)|(Jac$(.T))~iI($(a;))((Jac$(a;))^)~\ 

b(x) = |detJac$(x)|b($(x))((Jac$(x))'^)-\ 

/(x,s) = |detJac$(a;)|/($(x),s), 

h{x) = |detJac$(:r)|/i(<i>(a;)) + |detJac$(x)| ("^^^H^ - ^^"j + (|detJac$(a;)| - l)^. 

By Lemmas 17.1112.41 and direct calculations, we obtain 

(183) A(x) = Wat + 0(|x|*) as |a;| ^ 0, 

(184) beL-(CnB^,R^), \h{x)\^0{\x\-^^') as |.t| ^ 0, 



/eC"((CnB.)xM) and l7(x, s)sK j^/ Jj''' + j'''^' '^ ^ ^ ^' 



(186) heL^^iCDBj^), h{x) ^ 0{\x\-^+^) as |x| ^ 0. 
Lemma 7.2. Lei H be as in [73\ ) and u = it; o $ as in U81]) . The 

(187) H{X) = (1 + 0(A*')) /" v^{Xe) da{0), 



c 
(188) '^^^^ ' , ' =(1 + 0(A^)) / \S/w\y)\'dy^O{l), 

-W(A) Jfj^/;^ 

as A — > 0+, where w'^ is defined in PJW o,nd v^{x) := v{\x). 
Proof. From p77[) . by a change of variable 

H{\) = / ^i{^{xe))v'^{\e)\dcii&c^{\e)\da{e) 

Jc 
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and 



IrnH |V{)^(a;)pdx / , 19 



/ \\7w^{y)3ac'P{'p-\Xy))\^\dctJsiC'i'-\Xy)\dy 



for all A e (0, i?). We conclude from dTS]), pTSHM})) . and i/^-boundedness of {w^} (see the proof 
of Lemma 16. ip . D 

Lemma 7.3. Let v ~ w o ^ be as in il81]) and let fco and 7 as in Lemma \6.lY i). Then for every 
sequence Xn — > 0+ there exist a subsequence Xn,. and tp G Hq{C) C H^{S^^^) eigenfunction of the 
operator Cy = — Agjv-i — V associated to the eigenvalue /ifcg(y) such that \\i^\\L'^(sN-i\ ~ I, the 

convergences of . "'' to jxp^f-pr) stated in part ii) of Lemma \6.1\ hold, and 






i; 



^J^vHXn,9)da{9) 
strongly in L'^iC). 

Proof. From Lemma [6.11 there exist a subsequence Xr^. and ij) € Hq{C) C H^{S^~^) eigen- 
function of the operator Cy = — Agw-i — V associated to the eigenvalue Mfco(^) such that 
II''/'IIl2(§n-i) = 1 and {H{Xn^:))^^^^w{XnkX) — ?► |a;|'^V'( ifr) in senses claimed in part ii) ofLemma l6.1l 
in particular strongly in L'^{E>^~-^) and a.c. on §^~^. Moreover from iJ^-boundedncss of w^ (see 
the proof of Lemma 0|) and p^ it follows that {v^/y^H{X)}x is bounded in H^{C n Bi) and 
relatively compact in L'^iC). Hence from (|187p there exists tp G L'^{C) such that, up to a further 
subsequence, 

tp in L (C) and a.e. 



^JcvHX,,J)da{e) 

From (|155p together with (|120p and (|138p which allow extending estimate (jl55p up to dBi, we 
have that, in view of ([T75)) and (|T57|) . for a.e. 9 G S^-\ 

<KJ) -(i + o(A^„J)--('^(^-^)) 



^(^nj) , / ,A„, /$(A„,0)\ ^,, 



a + oixt)) 



, , , w"fc I — - — ^— 1 - w">= (9) 

Vh{k7) V V A„, ^ 



^'(An,e) +O(^^)^^(0) asfc^+00. 



Then ijj = ip and the lemma is proved. D 

In the sequel we denote by tpi a L^-normalized eigenfunction of the operator Cy = — A§n-i — V 
on the spherical cap C C E>^~^ under null Dirichlet boundary conditions associated to the i-th 
eigenvalue ^J.i{V), i.e. 

(189) I ip, = 0, on dC, 

[j^.-AM0)?dcj{9) = l. 

Moreover, we choose the f/'i's in such a way that the set {V'i}iGN\{o} forms an orthonormal basis 
of i^(C). For alH G N, i ^ 1, and A G (0, R), we also define 



(190) V^{X)■.^ / v{X9)i^{9)da{9). 

Jc 

From Lemma |6. 11 there exist ji:,,m G N, joi nii'^ 1 such that m is the multiplicity of the eigenvalue 

Mio(^) = Mio+i(^) = • • ■ = ^ij„+m-l{V) and 




N -2 i f N -2^ 
(191) 7 = hm AA(r) = ^ + \l ( ^^ ) + ii,{V), i=jo,... , jo + m - 1. 
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Let £o be the eigenspace of the operator Cv associated to the eigenvalue fJ-jg{V), so that the set 
{'>pi}i=jo....,jo+m-i is an orthonormal basis of £o- 

Lemma 7.4. Let v = wo ^ be as in il81\) . jo ci''T'd m as in il91\) and ipi as in il90\) . Then for all 
i € {jo, . . . , jo + m — 1} and R € (0, R) 



(192) v'.(A) = A^ [r-'<v.{R) + l_ ^_ ^^ j^ s-^+i-^T,(s)ds 

s'-<-^T,{s)ds\ +0{X-'+'^) 



^Jl-N+2-2f rR 

2~N-2j Jo ' 



as A — > 0"^ with 5 as in p73^ and T^ e ^^(0, R) defined as 

(193) T,(A) = - / {A{x) Id^)V«(x) . ^s"-^yi^l) dx 
JcnB^ \x\ 



— b(x) • Vw(.t) + h{x)v{x) + f{x,v{x))\il:i(xl\x\)dx 

+ / {A{x) ~ IdAr)Vw(a-) • -^ij.ix/lxDdaix). 

JcndBx FI 

Proof. For any A G (0,i?), we expand 6 i-> v{X9) e L'^{C) in Fourier series with respect to the 
orthonormal basis {ipi} of L^(S^~^) defined in (|189p . i.e. 

(194) z;(A0)=^V',(A)V,(^) in ^^(c), 



with (pi is defined in (|190p . For all i, we consider the distribution Q on (0, R) defined as 

u^i\x\) 



V'{0,R}\'^i^^/V{0,R) 



nC) 



= H-MB.nc)( div ((1- IdAr)Vw) - b • Vw + /iw + /(a;, v), fjj^^,(x/|x|)) 

\ |a;| / Hg{Bj^ 

for all w e 2?(0, R). Letting T^ as in (jl93[) . by direct calculations we have that 

(195) T^(A) = A^-iC^(A) mV'iO,R). 

On the other hand, from the definition of Q and the fact that v solves (|182p . it follows that, for 
all i, the function (pi defined in (jlDOp solves 

—ip'-{X) r — V?i(A) H — ^—^ — ¥'i(A) = Cj(A) in the sense of distributions in (0, R), 

A A 

which can be also written as 

- ('a^-^+2'^' (A-'"'^j(A))'y = A"-i+'"-Ci(A) in the sense of distributions in (0, R), 
where 



(1%) '—^+ii^h"-(n 

Let us fix i? e (0, R). Integrating by parts the right hand side and taking into account (|195p . we 
obtain that there exists q G M (depending on R) such that 

(A-'^'^,(A))' = -A-^+i-'^'T,(A) - cT,A-^+i-2-= L + I s-'''T,{s)ds] 
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in the sense of distributions in (0, R). In particular (pi G Wj^'^, (0, R). A further integration yields 

R / rR 



(197) ^,(A) = A'^'(i?-'^'^,(i?)+ ^ s 



+ (y,\° 



X^'iR-^'if^iR) 



^-N+l-2.. I ^^ 



2-N-G, 



I r^-^Ti{t)dt\ds 



2- N -2a. 



„-N+l-cri 



Ti{s)ds + 



i J\ 



a,c,R-^+^-^''' 
2-N - 2cr,- 



\-N+2-a, / j-R 

Let jo,Tn S N be as in (J19ip . so that the eigenvalue Hjo{^) — Mio+i(^) = • • • = fJ.j„+m-i{V) has 
multiplicity m and 



(198) 



7= lim 7V(r) =cr,, i = jo, ■ • ■ , jo + m - 1, 

r-i.O+ 



see Lemma [Ql Estimate (|187p and the Parseval identity yield 

^ oo 

(199) H{X) = {l + 0{X^)) \v{X9)\^da{e) = {l + 0{X^))Y,\'P^W\^, for all < A =?: i?. 



We claim that 

(200) T.,(A) =0(A^-2+5+a,) forevery ie {jo,...,jo+TO-l} asA^O+, 

with ^ defined in ([T75)) . Let us prove (^00)) . By (|TTO1) . p^ . P^ . ([T551) . Holder inequality and a 
change of variable we obtain 



(201) 



[A{x) — ldjv)Vu(a;) • — dx 

ens. \x\ 



*'"^"-""'*'tJ^i vm 



jVw^(x)| |Vs«-iV'»(a;/|a^| 



■ dx 



^0{X 



N-2+5+cri 



J.^^jWi^x^dx 



vl/2 



0(A^-2+^+"-) asA^0+. 



\xr-'\vsN-iMx/\x\)\'dx 



cnBi 



1/2 



Similarly, by a change of variable, ([5^ . (02]), (|119p . (|137p . and boundedness in H^{Bi) of the set 
{w^}\ (see the proof of Lemma lO]) . we obtain 



(202) 



cnBx 



( - h{x) ■ Vv{x) + h{x)v{x)\ tpi{x/\x\) dx = 0{X 



N-2+5+ai 



) as A ^ 0^ 



Moreover, (gT]), Proposition gTTl (|119p . (|137p . and boundedness of {w-^Ja in H^{Bi) imply that 



(203) 



f{x,v{x))ipi{x/\x\)dx 



cnBx 



^ const 



/(y,w(y))V'»( |j,-ig|i )rfy 



< const / {\w{y)\ + \w{y)\^~^)dy 



s: const A^ /ffpO ( / \w^{x)\dx+ f \w{Xx)f~^\w^ {x)\ dx 

\JOa/A "'f^A/A 



^ const A^+'^' \\w^\\min^/x) + / |u.(Aa;)|«dx Ww^WmnjX) 

V V"'f2A/A / ^ 

^ const A^+^'(l + A-^(^-2)/g) ^ Q^^N-2+a,H2-N2^)^ ^ q^^N-2+5+..^ ^^ ^ ^ 0+, 
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where p ~ 2* ii N ^ 3 and p = p with p as in ([T7)) if iV = 2. while q ~ q with q is as in ([55)1 if 
TV > 3 and g = 2p if A^ = 2, so that 2 — N^^ ^ (5. In order to estimate the boundary term in 
(|193p . we perform the change of variables x ~ $^^(i/) and y ^ X6 to obtain 



{A{x)-ldN)Vvix) ■ —^P^ix/\x\)da{x) 

CndBx FI 



A 



V-l 



{A{^-^{\9))) - IdAr)(Vw(A6i)Jac$($-i(A6i))) 



T $-i(A9) 

■ l*-^(Ae)|- 



^'(^ 



(xe) 



rp^y |detJac$"'(A6i)|dcr(6') 
and from this, using ([T75|) . ([TTg]) . pM]) . dUS]), pTg]) . p^ . p^ . p^ . and ([TF7|) . we arrive to 



(204) 



(A(x) - IdAr)Vu(a;) • —'lp^{x/\x\) da{x) 

CndBx FI 



1/2 



^ (9(A^-2+5+^.) / |Viy^(0)|2da(0) 

VJC;^ / \JCx 



^K^-w)r'^-(^)) 



1/2 






Inserting pIT|) . pi2| . ([203| . ([2041) into (fT93)) . the proof of ((200)) follows. 

In the rest of the proof it is not restrictive to assume that at =/: 0, since otherwise the proof of 
the lemma follows immediately from (|197p . From (|200l) we deduce that the map 

(205) s^s-'^+^-''^T,{s)eL\0,R) 

so that 



(206) A"' i?-"'</j,(i?) 



2 - iV - a. 



-N+l-at 



Ti{s)ds + 



a,Qi?-^+2-2-» 



2- N -2(Ti Jx ' ' 2-N -2a, 

= O(A"') = o(A-^+2-"0 asA^0+. 
On the other hand, by (^0(1)) we also have that t ^ f'^^Tiit) e L^{0, R). We now claim that 

(207) c. 



Jo 



Suppose by contradiction that ([207]) is not true. Then, by (jl97p and (|206p wc infer 

(208) ^^(x)^—^^^—(c,+ ft"'~'T,it)dt)x-''+^--^ asA^O+. 

Al - 2 + 2(Ti \ Jq J 

If A^ ^ 3, Hardy inequality and the fact that v E H^{C n Bj^) imply 

\vix)\' 



x^~^\^^{x)\^dx^ I x^~^(f \v{xe)\''da{e)] dx 



dx < +CXD 



thus contradicting 

and, in turn, by (|199p we would have 



cnB« FI 
If TV = 2, (|208p . (|196p . and the fact we are assuming ai ^ would imply 



lim |yi(A)| = +00 



lim H(X) = +0O 

A^0+ 



in contradiction with (|137l) . Claim (|207p is thereby proved. By (jl97p and p07p we then obtain 

O AT „ r^ ^ r. V/-N+2-2<Ti ■ 



(209) ^,(A)==A"' i?-"'(^,(i?) + 



2-N-2a,j^ 



2-N - 2cr,- 



e^-^T,{t)dt. 



N-2 + 2a, JO 
The proof the lemma follows inserting (|207p into (|209l) and observing that by (|200p 



N-2 + 2a. 



t'''-^r,{t)dt^o{X'''+^) 



i Jo 
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The asymptotic behavior of H{\) as A ^^ 0+ is evaluated in the following lemma. 

Lemma 7.5. Let H be as in ^73^ and let 7 be as in Lemmas \5.11\ and \5.1^ respectively in the 
cases N ^ 3 and N ~ 2. Then 

(210) lim X-^'^H(X) > 0. 

A-i.O+ 

Proof. The fact that the limit in (|210[) exists and is finite was proved in Lemma [6.21 and hence 
we may proceed by contradiction by supposing that lim>,_^o+ X~^'^ H(X) = 0. Let jo and m be as 
in (|19ip and ipi as in (|190p . From (|199p we deduce that for any i £ {jq, . . . , jq + m — 1} 

lim X-''ip,(\)^0. 
Therefore by Lemma [731 P^ . and ([205)) we obtain 

n-Af+2-27 rR 9 — /V — 'A/ /"^ 

R-'T^.iR) - l-j^^-^ I s-^-^T.is) ds = -^-^ I .— ^T.(.)d. 
which replaced in (jl92p yields 

¥'«(A) = -|-^-^A^y s-^+i-^T,(s)ds + 0(A^+^) asA^O+. 

Inserting in the last estimate (j200p we conclude that for any i € {jo, . . . , jg + to — 1} 

(p^{X) ^ 0{X''+^) asA^O+. 
This, together with (|190|) . implies 

(211) / v{Xe)<l){0) da{0) = 0{X''+^) as A ^ 0+ 



JC 

for any function (f) in the eigenspace £q. By (|21ip . (|187p . p2ip in the case N ^ 3, and (|139p with 
cr = (5 in the case A^ = 2, we obtain 

(212) / I, X\!^^^ H^) daiO) = 0{X^'^) = o(l) as A -> 0+ 

Jc h^\\L--(c) 

for any e fg. On the other hand, Lemma 17.31 states that for any sequence A„ — > 0^ there exists 
a subsequence A„j. and a function -0 e £0 with ||V'||l2(c) = 1 such that 

strongly in L'^{C). Therefore, taking (f) ~ ip m (|212p we conclude that 

0= lim f „ ,^ "" ,V) - Il^lli2fc.) = 1 

thus giving rise to a contradiction. D 

The following theorem is a more precise and complete version of Theorem 11.41 

Theorem 7.6. Let A,h,f,h be as in l[^MWS\) with A,b, v]/, /, /i, 1/ as in assumptions l[TI]\{T7\ l, 
121\) . Let Vl be as in i29\) with fl satisfying (0) and ([IKS'- Let w G H^{i}) \ {0} be a non-trivial 
weak solution to ( [g7| ). Then, letting Af(r) as in illOp and ^134^ , there exists fco (zN, kg^ 1, such 
that 



N-2 /N-2^^ 



(213) ^l_imAA(r) = — + M-—^ j + ^,^^{V). 

Furthermore, if ^ denotes the limit in i213\) . to ^ 1 is the multiplicity of the eigenvalue fiko{V) 
and {ipi ■ jo ^ "i ^ Jo + m ~ 1} (jo ^ fco ^ jo + m ~ 1) is an L^ {C)-orthonormal basis for the 
eigenspace associated to /ife„(V^), then, denoting again as w its trivial extension outside fl, 

jo+m-l , V 

(214) X-'^ w{Xx) -^ \xy Y^ /3,V^ji^J asA^O+ 
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in H^(Bi) and in C^^"(C Ci Bi) for any a E (0, 1), where 

(/3,„,/3,„+i,...,/3,„+™_i)^(0,0,...,0) 
and 

(215) A = j^ R-^w{^{Re))ue) da{e) + ^_^_,^J ^ [ ,m-,+, -Ij^N^^T^J^^i^)^^' 

for all Re {0, R) for some R > 0, T^ being defined in U93\) . 

Proof. Identity (j213p follows immediately from Lemma lOI As in the statement of the theorem, 
let m be the multiplicity of the eigenvalue ^ko{V) found in Lemma [6.11 jo € N \ {0}, such that 
jo ^ ko i^ JQ + m - 1 , /Xj (F) = fi-i„+i{V) = •••== fj,j^,+,n-i{V), and 7 = limr^o+ W(r). 

In order to prove (|214p . let {A„}„gN C (0, 00) be a sequence such that A„ ^- 0+ as n ^- +00. 
By Lemmas l6. 11 16.21 17.31 17.51 and p87p . there exist a subsequence A„^. and f3jg, . . . , (3jg+m-i G R 
such that (/3jo,/3jo+i,...,/3jo+™_i) ^ (0,0,..., 0), 

jo+m-l , ^ 

(216) A-7u;(A„^..t) -> |.Tp Y. P-^'^ n ) ^^ ^'(-^i) ^'^^ ^io"(C ^ -^i) f°^ ^'^y " e (0, 1) 
(with ui meant to be trivially extended outside 51), and 

jo+m-l 

(217) A-7w(A„^.-)^ Y. A^' inL2(C) as j ^ +00. 

i=iQ 

We now prove that the j3iS depend neither on the sequence {A„}„gN nor on its subsequence 
{A„ }jgN- Let us fix i? g (0, i?) with R as in Lemma F7. II Defining (p,; as in (|190p . from (|217[) it 
follows that, for any i — Jq, . . . ^Jq + m — 1, 

(218) A-7^,(A„^.)= / ^^^^.Wrf'^W^ E ^n MO)M(^)da{d)^p, 

as j — > +00. On the other hand, from Lemma 17.41 it follows that, for any i = jo, . . . , jo + ti — 1, 

X-fipAX) ^ R-'ipAR) + L/ s-^+i-rT,(s)ds-i^- / s'^-^TAs)ds 

^^' ^^' 2-N-2jJo ^' 2-N-2jJo ^' 

as A ^ 0+ and therefore from (|218p we deduce that 

2 _ /V — 'Y f^ 'yU-N + 2-2'y pR 

for any z = jo, . . . , jo + to — 1. In particular the /3i's depend neither on the sequence {A„}„gN 
nor on its subsequence {A„j.}fcgN, thus implying that the convergence in pi6p actually holds as 
A — > 0+ and proving the theorem. D 

Proof of Theorem 11.11 Let us first observe that the family of functions 

u{Xx) 



where u is meant 
of variable Aa; — ^(Aj/) 



v/^ff(A) 
is bounded in H^{Bi), where u is meant to be trivially extended outside fi. Indeed, by the change 



\/u^{x)\^dx^ l^_^ ^ ^ \/w^{y){Jac^{Xy)y^ |dct Jac*(Ay)| dy. 



Bi 



u^{x)\^dx^ / _, \w^{y)\^\det3&c'<i'{Xy)\dy, 



1'~MBa) 



and hence from ((2T|) . (|120p . (|138p . and boundedness in H^{B\) of the set {w^}\ it follows that 
{u^}\ is bounded in H^{Bi) uniformly with respect to A. Hence we can repeat for u^ the same 
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arguments performed in the proof of Lemma 16.11 for w'^ to obtain that {u^}\ is relatively compact 
in Cl^"{C n Bi), in C"j"(Si \ {0}), and in H\Bi) and hence, by Lemma[73J 

(219) {X-'^u{X-)}x is relatively compact in C^^^iC n Si), in C"j"(-Bi \ {0}), and in H\Bi), 

with 7 as in Theorem 17.61 Furthermore, from Lemma [7.51 (PT|) . and (|155p 



/ff(A)/ ;,/Vl/-l(Ax) 



|A ''m(A2;)-A ''w{\x)\^^-j^\w ^ ^ 



(:!4:^)_„V) -0 



for all X e C n i?i. From the above limit and Theorem 17.61 we deduce that, for all a; G C n i3i, 

jo+m-l , . 

(220) \-^u{\x) -^ |.tP ^ A:^^ ( A ) as A ^ 0+ 



with /3i and f/'z as in Theorem 17.61 Combining (j219p and ([220]) we deduce that 
A-^u(A2:) ^ Ixp ^ /3,^J-^j asA^O+ 



*=J0 



in Ci„;"(C n Bi), in Ci"'"(Bi \ {0}) for aU a G (0, 1), and in H\Bi), thus completing the proof. D 



8. An example 

In this section we show that the presence of a logarithmic term in the asymptotic expansion 
cannot be excluded without assuming conditions ^ and ([5]). 

Let us consider a domain i7 C M^ admitting a local representation in a neighborhood of the 
origin as in ^ where the corresponding function ip satisfies (P|). 



sup 



- giiy) =o(l) ast^O+, 



with (7 as in ([3|), but not (|4H5]). To this purpose let us define in Gauss plane the sets 
Ai:=C\{z^ix2eC:x2i^ 0}, Aa := C \ {a;i £ M C C : xi s^ 0} 

and the holomorphic functions t/i : Ai — > C, 772 : ^2 — > C defined as follows: 

r]i{z) := logr + i9 for any z = re'^ £ Ai, r > 0, 6 e ( , — ) , 

772(2) := logr + 10 for any z ^ re'^ G A2, r > 0, 6* G (— tt, tt). 

Given a G (0,2), we are going to define fl in such a way that dfl admits at a corner with 
amplitude an. We distinguish the cases a G (0, 1), and a G [1, 2). 
The case a G (0, 1). Let us consider the holomorphic function 

vi{z) := e~''^'^~*''^?7i(-iz) for any z G {w G C : 3w > 0} 

and the set 

(221) Zi :={z:9z>0and9(ui(z)) ==0}. 

If z = re'" with r > 0, 6* G (0, tt) \ {f }, then z G Zi if and only 



(222) 



pi{0) := exp 



7r\ /2 
77 cot - 
2/ Va 



For some fixed a G (0,§(1 — a)), we define the curves 7+ C Zi and 7^. C Zi respectively 
parametrized by 



(223) 
and 

(224) 



jxiid) ^ pi{9)cost 

\x2ie)^Piie)smt 

'xi{e) = pi{e)cos0 
X2{e)^pi{e)sine 



"K an TT an 

^'2"T""'2"T" 



/TT an n an 

n2+T'2+T+^ 
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If we choose a > sufficiently small then the union of these two curves is the graph of a function 
ip defined in a neighborhood U of 0. Moreover (p is a, Lipschitz function in U, ip G C^{U\ {0}) and 



(225) 



ipit) /TT an 

hni -^--^ = tan - H 

t^o- t V2 2 



ip(t) /TT aTT\ 

Um -^--^ = tan 

t^o+ t \2 2 J 



At this point it is possible to construct a bounded domain 51 C {z G C : 5z > 0} satisfying (J9l) for 
some R > sufficiently small. Then we define the harmonic function 

u{xi,X2) ■— Q{vi{z)) for any z = xi + ix2 G ^■ 

In polar coordinates the function u reads 



(226) 



i{r,9) 



2 / 71" 

(log r) sin ( - (^61 - - 



-iHU^-'i 



Since fl is bounded, then u £ H^{il). From (|221H222"| and ([226]) we deduce that u vanishes on 
7^" U 7~ and in particular on dil. n Bj^. 

Next we show that (p does not satisfy ([7]) for any Cq > 0. Since by (|222H224)) ip is an even 
function, it is sufficient to study the behavior of ip{xi) — xiip'{xi) in a right neighborhood of zero. 
By (j223p and the fact that a S (0, 1) we may assume that 9 S (O, ^) and hence, if xi belongs to a 



sufficiently small right neighborhood of 0, by (j222p we have 



(227) ilog(x2 + (^(xi))2)tan 



2 
a \ 



( ( v{x\ 
I arctan | '■ 

Xx 



By (P^ and ^W\ we have that, as xi ^ 0+, 



(228) tan 



^)(xx 



I I (U}\X\)\ IT 

- arctan L1.J± 

a\ V a;i / 2 



arctan 



Xi 



2 arctan (^^^) -TT air 1 
log(a:^ + (v3(xi))2) 2 loga;i 



logxi 



Differentiating both sides of ()227p and multiplying by xf + {(p{xi))'^ we obtain the identity 



[xi + ip{xi)ip' {xi)) tan 



f(arctan(i^)-|); 

, f, , ^og{xl + {ipixi))^) 



and hence ((225)) and ((228)) yield 



(229) 



xiip'{xi) - ip{xi) 



a' 



acosM|(arctan(^)-f)] 



■TT[l+tan^^-^)] xi 



log Xi 



{xi(p'{xi) ~ (pixi)) = 



as xi — > 0"''. 



This shows that if does not satisfy condition ([?))• 

The case a G [1,2). Let us consider the holomorphic function 



V2 



(z) := e°''^(-'^)772(-iz) for any z e C\{iy : y ^ 0} 



and the set 

Z2:^{zeC\{iy:y^0}: ^Mz)) = 0}. 

Similarly to the previous case one may define two curves 7^, 7" and a corresponding function ip 
whose graph coincides with 7+ U 7" . Next one may also construct a bounded domain il satisfying 
(|9]) for a suitable choice of i? > and define a harmonic function u as 

u{xi,X2) := 3(^2(2;)) for any z = xi + ix2 G ^■ 

Finally one can prove that the new function ip satisfies (|229p . 



Aknowledgements. The authors would like to thank Prof. Susanna Terracini for helpful com- 
ments and discussions. 



elliptic equations in domains with corners 43 

References 

[1] V. Adolfsson, L. Escauriaza, C^'" domains and unique continuation at the boundary, Comni. Pure Appl. Math. 

50 (1997), no. 10, 935-969. 
[2] F. J. Jr. Almgren, Q valued functions minimizing Dirichlet's integral and the regularity of area minimizing 

rectifiable currents up to codimension two, BuU. Amer. Math. Soc. 8 (1983), no. 2, 327-328. 
[3] C. Bacu^a, A. L. Mazzucato, V. Nistor, L. Zikatanov, Interface and mixed boundary value problems on n- 

dimensional polyhedral domains. Doc. Math. 15 (2010), 687-745. 
[4] H. Brezis, T. Kato, Remarks on the Schrodinger operator with singular complex potentials, J. Math. Pures 

Appl. (9) 58 (1979), no. 2, 137-151. 
[5] M. Costabel, M. Dauge, Singularites d'aretes pour les problemes aux limites elliptiques, Journees "Equations 

aux Derivees Partielles" (Saint- Jean-de-Monts, 1992), Exp. No. IV, 12 pp., Ecole Pols^ech., Palaiseau, 1992. 
[6] M. Dauge, Elliptic boundary value problems on comer domains. Smoothness and asymptotics of solutions. 

Lecture Notes in Mathematics, 1341. Springer- Verlag, Berlin, 1988. 
[7] V. FeUi, A. Ferrero, S. Terracini, Asymptotic behavior of solutions to Schrodinger equations near an isolated 

singularity of the electromagnetic potential, J. Eur. Math. Soc. (JEMS) 13 (2011), no. 1, 119-174. 
[8] V. Felli, A. Ferrero, S. Terracini, On the behavior at collisions of solutions to Schrodinger equations with 

many-particle and cylindrical potentials. Preprint 2010. 
[9] V. FeUi, A. Ferrero, S. Terracini, A note on local asymptotics of solutions to singular elliptic equations via 

monotonicity methods, Preprint 2011. 
[10] N. Garofalo, F.-H. Lin, Monotonicity properties of variational integrals, Ap weights and unique continuation, 

Indiana Univ. Math. J. 35 (1986), no. 2, 245-268. 
[11] P. Grisvard, Behavior of the solutions of an elliptic boundary value problem in a polygonal or polyhedral domain. 

Numerical solution of partial differential equations. III (Proc. Third Sympos. (SYNSPADE), Univ. Maryland, 

College Park, Md., 1975), pp. 207-274. Academic Press, New York, 1976. 
[12] B. Kawohl, On nonlinear mixed boundary value problems for second order elliptic differential equations on 

domains with corners, Proc. Roy. Soc. Edinburgh Sect. A 87 (1980/81), no. 1—2, 35-51. 
[13] V. A. Kondrat'ev, O. A. Oleinik, Boundary value problems for partial differential equations in nonsmooth 

domains, Uspekhi Mat. Nauk 38 (1983), no. 2(230), 3-76. 
[14] R. S. Lehman, Development of the mapping function at an analytic comer, Pacific J. Math. 7 (1957), 1437-1449. 
[15] V. Liskevich, S. Lyakhova, V. Moroz, Positive solutions to singular semilinear elliptic equations with critical 

potential on cone-like domains, Adv. Differential Equations 11 (2006), no. 4, 361-398. 
[16] V. G. Maz'ja, Sobolev Spaces, Springer Series in Soviet Mathematics, Springer- Verlag, Berlin, 1985. 
[17] V. Maz'ya, S. Nazarov, B. Plamenevskij , Asymptotic theory of elliptic boundary value problems in singularly 

perturbed domains. Vol. I, Operator Theory: Advances and Applications, 111. Birkhauser Verlag, Basel, 2000. 
[18] X. Tao, S. Zhang, Weighted doubling properties and unique continuation theorems for the degenerate 

Schrodinger equations with singular potentials, J. Math. Anal. Appl. 339 (2008), no. 1, 70-84. 
[19] S. Terracini, On positive entire solutions to a class of equations with singular coefficient and critical exponent, 

Adv. Diff. Equa. 1 (1996), no. 2, 241-264. 
[20] P. Tolksdorf, On the Dirichlet problem for quasilinear equations in domains with conical boundary points, 

Comm. Partial Differential Equations 8 (1983), no. 7, 773-817. 
[21] Z.-Q. Wang, M. Zhu, Hardy inequalities with boundary terms. Electron. J. Differential Equations 2003, No. 43. 
[22] W. Wasow, Asymptotic development of the solution of Dirichlet's problem at analytic corners, Duke Math. J. 

24 (1957), 47-56. 
[23] N. M. Wigley, Corner behavior of solutions of semilinear Dirichlet problems, Canad. J. Math. 37 (1985), no. 

6, 1025-1046. 
[24] T. H. Wolff, A property of measures in K^ and an application to unique continuation, Geom. Fund. Anal. 2 

(1992), no. 2, 225-284. 

Universita di Milano Bicocca, 

DiPARTIMENTO DI MATEMATICA E ApPLICAZIONI, 

Via Cozzi 53, 20125 Milano, Italy. 

E-mail addresses: veroiiica.felliaunimib.it, alberto.ferreroSunimib.it. 



